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CHAPTER 1

P.E. 1.1

(a)

(b)
(c)
(d)

|4+ Bl=V36+4+9=7

A+ B=(103)+(52,-6)=(6.2.-3)

54-B=(50.15)-(52,-6) = (0,-2,21)

([e)

The component of 4 along a, is A=

34+ B =(3,09)+(52,-6) = (8,2,3)
A unit vector parallel to this vector is
(8,2,3)

J64+4+9

= +(0.9117a, +0.2279a, +0.3419a. )

P. E. 1.2 (a) The distance vector

(b)

(c)

ror = e — 1o =(0,3.8)-(2,4,6)

=-2a,—a, +2a,

The distance between Q and R is
[roki=\/4+1+4 =3

Vector ry, =1, —r = (1,-3,5)- (2,4.6) = (- 1,-7,-1)

et 7
A P

Opor = 70.93°

(d) Area = Y lrop x rop| = 14](15,-4,13)

=10.12

- -—IJI




P.E. 13 Consider the figure shown below:
40
U,=U,+U, =-350a, + —=(-a, +a,)
z 4 W N \/E( X }
= -378a, +28.28a,

or
u=73793£175.72°

- N
% A

u

’ X . 4 E
\ u

Uy

S
P.E. 1.4

At point (1,0), G = ay;
at point (0,1), G = -a,;
at point (2,0), G = ay;

a, +a,

atpoint (1,1),G = :————; and so on.
P NG

It is evident that G is a unit vector at each point. Thus the vector field G is as
sketched in Fig.1.8.

P.E. 15

Using the dot product,
5 AeB -13 13
C = = = - _—
O = ap T J10ves - V30

or using the cross product,

AxB|  [481
AB \630

sinf ,, =

Either way,
6,;, =120.66°

S




P.E. 1.6
E-F)F -10(4.-10,5
(a)E,::(E’thF:( :) — ( )
|F| 141
=-0.2837a, +0.7092a, - 0.3546a,

a. a. a,

X ) M
b)ExF={0 3 4/=(5516,-12)
4 -10 5

a,., = 1(0.9398,0.2734,-0.205)

P.E. 1.7 a +b+c=0 showing that a. b. and ¢ form the sides of a triangle.

a-b=0,
hence it is a right angle triangle.

Area = —1~|axb| = l[bxc| = l|c><a]
2 2 2
40 -1
Laxs|= .l.l 0 I: Li6-17.12)
2 21 3 4 2

Area = —;—49+289+144 =10.51

P.E. 1.8

(a) PP, :\/(xz _xl)z +(.Vz _yl)z +(zz _z’)z

=25+4+64 =9.644

(b)rp =rp + l(r,.l —rp )
=(1,2,-3)+ A(- 5,-2.8)
=(1-54,2-24,-3+84).

(c) The shortest distance is

d = P,P;sin6 =|P,P,xa,, |

6 -3 5

-5 -2 8

(-14.-73-27) =82




Prob.1.1

r=(-3.2.2)-(24.4) =(-5-2,-2)
_(

r -5,-2,-2)
a, = — = ——==———=x=-0.8703a, —0.3482a_-0.3482a.

Prob. 1.2

(a) A +2B =(2.5,-3)+(6,-8,0)=8a, - 3a, - 3a,
(b) 4 -5C =(2,5,-3)-(5,5,5) = (- 3,0,-8)

|A-5C|=v9+0+64 =8.544

(c) kB = 3ka, - 4ka,

[kB| = \/9k? +16k* = 45k =2

= k=¢c.{

(d)A-B=(25-3)-(3-4,0)=6-20+0=14
2

A><B=’
3

5 -3
=(-12,-9,-2
~4 0 , ( )

AxB (12 9 23

(— e —) =0.8571a, +0.6428a  +1.642a,

A-B 14’1414

Prob. 1.3

(a) A-2B =(2,1,-3)-(0,2,-2) = (2,-1,-1)
A-2B+C=5a, +4a,6a,

(b) A+ B =(2,2,-4)
C-4(A4+B)=(357)-(88,-16)=-5a, - 3a, +23a,

(c)24-3B =(4,2,-6)-(0,3,-3) = (4,-1,-3)
IC|=v9+25+49 =9.11
2A-3B

cl

=0.439a, -0.11a, -0.3293a,




(d)A-C=6+5-21=-10,

|B|=+2
AC-|B]'=-10+2=-8

3°3 474’4

1 -
2 3 4 2|1.4167 1.5833 0.75

(e)é’“%C (31—1) (3,3 Zj (1.4167.1.5833.0.75)

, =1.1667a, —0.7084a,

~0.7084a,

Prob.1.4
(a) T=@3,-2,1)and S=(4,6,2)
M) rs=r-r=(4,6,2)-(3,-2,1)=a, + 8a, +a,

(c) distance =|rys] = v1+64+1 =8.124m

Prob. 1.5

LetD=aA+ fB+C
=(Sa-p+8)a, +(Ba+4p+2)a, +(-2a+6pa,

D =0-55%-+8=0 (1)
D,=0—>2a+6=0->a=38 (2)
Substituting (2) into (1),
‘ 8 4

15-+8=0->f=——=——

p-b p 14 7
Thus

a:-l—z—,ﬂ;—_—i




Prob. 1.6
A-B=0-0=3a+f-24 (1)
A-C=0->0=5z-2+4y (2)
B-C=0-50=15-28-6y (3)

In matrix form,

(a)A-B = ABcosd ,
AxB = ABsin@ za,
(4-B) +|Ax B' =(4B)*(cos? @, +sin® 6., )=(4BY

241 [3 1 0fa
21=|5 0 4|p
15) |0 2 6|y
310 ,
A=|5 0 4/=3(0-8)-1(30~0)+0(10-0)=-24-30 = -54
026
24 1 0
Aj=12 0 4=-24x8-(12-60)=-144
15 2 6
3 24 0
A, =[5 2 4=3(12-60)-24x30=-864
0 15 6
31 24
Ay=l5 0 2|=-12-75+240=153
0 2 15
A, -144
¥ T Tse T2
A, -864
P=n =T T
y=~A—‘-‘=—1§1=-2.833
A -54
Prob. 1.7




(b)a, ~(a}, xa, )= a,-a,=1. Hence,

a),xa, a

=-2(6-2)+(8+2)-2(4+3)=-8+10-14 = —1

-1 1
P.OxR=(-2-1-2)-(4-10,7)=-8+10-14 = -

4 3 2
(c)QxP='~2 ) _2'=(—4,4,2)

OxP-R=(-442)(-112)=4+4+4=12
-1 1
or OxP-R=R-QxP=|4 3
-2 -1 -2
(d)(PxQ)-(QxR)=(4,—4,2)-(4,—10,7)=16+40—14=§_2
4 -4 2
P R)=
@Ex)xexn-; 7%
P-R (2-1-4) -3 -1
9 = = = = —_—
(DcosOn = plR = Varisavieiod 306 76
0, =114.1°

2
2|=—~(-6+2)-(-8+4)+2(-4+6)=12

=-48a, —36a, - 24a,
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Prob. 1.11
cos&—H‘a"— 3 -3
H|  J9+25+64 98
0, =72.36°
9 Ha, 3 5
cosl = — = =—
|H|  J9+25+64 98
6, =59.66°
0 H-a, -8 -8
COosS = = =
IH  J9+25+64 98
6, =143.91
Prob. 1.12
111
R= =(3,-1,-2
Qx ‘2 0 3) ( )

P-(QxR)=(2,-11)-(3,-1,2)=6+1-2 =5

Prob. 1.13

(a) Using the fact that

we get

(AxB)xC =(4-

C)B-(B-C)A,

Ax(AxB)=~(AxB)xA=(B-A)A-(4-A)B

(b) Ax(Ax(4x B))= Ax[(4-B)4-(4-A)B]
=(4-BYAxA)-(4-A)4xB)
Prob. 1.14
A, A A A, A A
A-BxC) =|B, B, B| (MB)}C=|B, B B
c. C C c, C

Hence, A-(BxC) = (AxB)-C
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Prob. 1.15

PP =r, —r, =(-6.0.-3)
PP =r, —r, =(15-6)

-6
PP, xPP = |
l

=(15.39,-30)

-3
-6

Area of the triangle = %[P,Pz x P,P,| = %\/152 +39° +30° =25.72
Prob. 1.16 }

LetPy=(4,1,-3), P, =(-2,5,4),and P; = (0, 1, 6)
Py

a=r, —r, =(-2,54)-(4,1,-3)=(-6,4,7)
b=r, —r, =(01,6)-(-2,54)=(2-4,2)
c=r, —rp =(4,1,-3)-(0,1,6) = (4,0,9)

Note thata+b+c =0

a-b -12-16+14
a-b=abcos(180-y)—> —cosy = =
(180-7) "l T Vioivaa

14

=08 ——— =73 47°
4 V101424 =
b-c 8+0-18
b-c=bccos(180-B)— —cosf = =
(180-7) p lblc| V24497
-1 10 .
= CoS = 78.04
o V24497 =—

a-c=accos(180 - a) - —cosa = - = -24+0-63
lale] V101497

28.48°

a 87
a=C0S —=——=—==
VI01v97 =

|
|

n
|

it
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Prob. 1.17

@) rpy =1y —rp =(2,-13)-(~1.4.8) = (3,-5.-5)

Fro = |rop| = V9 +25+25 = 7.681

(b rpg =rg —rp =(-1,2.3)- (—148) (0.-2.-5)=-2a, - 3a,

(C)rogp = =rpy =-3a, +5a, +5a,
=r,-r, _(2,-1,3)-(—1,2,3)= 3a, -3a,

cosg = ¢r Tor 915 __—24
rorlror|  V9+25+25V9+9  (18Y59
6 =137.43°

Tor =

(d) Area = %’rg,, X rQR’

Fop XTop =

-3 5 5
=15a, +15a, —-6a,
3 -3 0 ’ )

Area=%\/152 +1524+6% =11.02

(¢) Perimeter = QP + PR+ RQ =1y, + pg + Tor

V59 + 4+ 25 +418
7.681+5.385 + 4.243
17.31

o

~

2 ;

Prob. 1.18

(a) Let A =(4,B,C) and r =(x,y,2)
(r-A)A = (x-A)4 + (y-B)B + (z-O)C
= Ax+ BIV+ Cz+ D
where D = -4 — C2. Hence,
(r-A)A=0 ——>Ax+By+Cz+D 0
which is the equation of a plane.
(b) (r-A)-r = (x-A)x + (y-B)y + (2-C)z
If (r-A)-r =0, then
x4y +22—Ax——By—Cz=0

which is the equation of a sphere whose surface touches the origin.

(c) See parts (a) and (b).

(
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Prob. 1.19
(a) Let P and Q be as shown below:

y
\ Q

0;

0,

~
>

|P|=cos® 6, +sin’ 6, =1,|Q| = cos? §, +sin’ 0, =1,
Hence P and Q are unit vectors.

(b) P-Q = (1)(1)cos(8, -6,)
But P-Q = cos6, cosd, +sin6, sin6,. Thus,
cos(#, — 6, ) = cosb, cosb, +sinf, sinb,

Let P, = P =cosb,a, +sin6,a , and
Q, =cosb,a, -sinb,a,.
P; and Q; are unit vectors as shown below:

—> <

P -0, =(1)(D)cos(b, +86,)
But P, - @, =cos6, cosb, —sinb, sind,,
cos(6, +6,) = cos6, cosb, —sin6, sinb,

03 b}' -63 in Q

Alternatively, we can obtain this formula from the previous one by replacing
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(c)
! / . _
3|P~ o= El(cose, - cosf.)a, +(sinf, - sind ,)a,

/
2

4

3 . k4 R . ki . .
= '—\/cos' 0,+sin"0,+cos”0,+sin"0, - 2cos0,cosB, - 2sinb, sinf ,

! /
= 5\/2— 2(cosB,cosb, +sinb, sinb,) = E\/Z_ 2cos(0,-90,)
Let 0,-6, =0, the angle between P and Q.

1 /
—2—|P— O E 3\/2— 2¢cosb

But cos2A =1 — 2 sin ?A.

l / — _
EIP- Ql= E\/Z- 2+4sin"0 /2= sin®/2

Thus, .

i el 92‘91
51P- Ol=lsin——==|

Prob. 1.20
w = Kl’g_z_’g_). = (1,—2,2), r= rp -r = (1’3’4) — (2,—-3’1) = (-—1’6’3)
1 -3 2
u=wxr= = (-18,-5,4)
-1 6 3

u=-18a, -5a, +4a,

Prob. 1.21

(@) AtT, A = (—4,3,-9)
|4 = V16 +9+81 = 1106 =10.3
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(b) Letr,;, = B =Ba,
(-4.3,-9)
B=56a;=a,=—""-
EARERNTE
_5.6(-4,3,9)
10.3
=-2175a, +1.631a, - 4.893a,

rc =B

(C) ryg =rg —rp D> rg =rp +rp
org ==0.175a, +O.63lay -1.893a,

Prob. 1.22

(a) At (1,2,3), E=(2,1,6)

|E| = V4 +1+36 = Va1 = 6.403
(b) At(1,2,3), F=(2,-4,6)

(E-F)F 36
E.=(E-ap)a, =—IF|2——=§g

=1.286a, —2.571a, +3.857a,

(c) At (0,1,-3), E =(0,1,-3), F=(0,-1,0)

0 1 -3
ExF = = (-3,0,0)
0 -1 0

ExF

ag.r =il“E;F|=iax

(2,-4,6)
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CHAPTER 2
P.E. 2.1

(a) At P(1,3,5), x=1, y =3, z=3,

p=yxi+y? =410, z=5, d=tan”’ y/x=3

P(p.¢,2)= P(/10,tan”' 3.5) = P(3.162,716".5)

Spherical system:

r=xi+y*+ 20 =35 =5916
r=yxt+ytezt = J35=5916

0= tan" \[x’+ 7 [z= tan" VI0/5= tan™ 06325 = 32.31°

P(r,0,9)= P(5.916,32.31°,71.56°)

At T(0,-4,3), x=0 v =-4, zZ =,

p=yx'+y’ =4,z=3,¢p=tan"' y/x=tan"'-4/0= 270°

T(p,p,z) = T(4,270°,3).

Spherical system:

r=yx*+y’+22=56=tan" p/z=tan"'4/3= 5313°.

T(r,0,p) = T(553.13°,270°).

At S(-3-4-10), x =3, y=-4, z=-10;

p=x>+y* =5 =tan"'-4/-3=2331°
S(p,4,2) = S(5,233.1- 10).

Spherical system:

r=yxt+yrezt = 5J5= 1118

6= tan"% =tan"'5/-10= 15343,
. S(r.0.4)= S(1118.15343° ,2331°),

(b) In Cylindrical system, p= x> +)?; z = zpsind,

p _ zpsing

st 0 =00 Q. =t
CTpee 97T et

ft

'l




0, cosg sing 0f Q,
Q,|=|~-sing cosg 0| 0 1;
Q. 0 0 1j0.

0, = 0, cosb - \/"ﬁ% 0, = -0,siné - \/;’Sﬂ

Hence,

- p . . -
= ——==(cos¢ g, ,- sin¢ a,, - zsind a_).
Q ] va, ¢

In Spherical coordinates:

Qx:rsin¢

= sing;
,

1
Q, =-rsingsinfrcosd Pl rsinfcos@sing.
0. sinfcosg sinfsing cosf || Q,

O, | = |cosBOcosg cosfsing -sing|| 0 |;
4) - sing cos¢ 0 0,

0= QX. sinfcosg + Q, cos = sin’ Gcosg - rsinfcos’ Hsin 4.
0, =0, cosfcosg - Q,sinf = sinfcosPcosg + rsin’ GcosHsin @.

Q,=-Q, sing = - sinBsing.

<

At T :

- 4 - 12 - -
O(x,y,2) = St 5 =08a,+24a.;

- 4 - - -
Q(p,¢,2)= 3 (c0s270°a, - sin270° a4 - 35in270° a-

= 08&¢ + 24[1; N

- 4 45 - 43 20 - 4 -
Q(r.0.9)=5(0- Ss(-Dar+ 5 (500~ 5 (=Das- 5(-Da,

36 . 48

= SzdrtTzast za, = 144a, + 192¢,+ 084, ;

25 25 5

L Q= sin@(sin@cosqﬁ—rcos2 Hsin¢)dr + sinfcos@(cosg + rsinﬁsin¢)d0 - sin@sin ¢d¢ .

16
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L 3 1. 3.
(dva)a. = (5~ V3) (Gar - = av)

= -0116a, + 0.20] as.

Prob. 2.1

(a)
x = pcosg = lcos60° = 0.5;

y = psing = 1sinl120° = 0.866;
z = 2;

P(x,y,z) = P (05, 0866, 2).

(b)
x=2c0s90° = 0; y=2sin90° =1,

Q =0(0,1,-4)

(©)
x = rsinfcos¢ = 3sin45°cos210° = - 1.837;

y=rsinfsing = 10sin135°sin90° = - 1.061;
z=rcosf = 10cosl35° =2.121
R(x,y,z) = R(-1837, - 1.061, 2.121).

(d)
x = 45in90° cos30° = 3464.

y=3sin30°sin240° = 2.
z=rcos@ = 4cos90° = 0.
T(x,y,z) = T(3464, 2, 0).

Prob.2.2

t
n
f
—_
e

(a) Given P(1,-4,-3), convert to cylindrical and spherical values;
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- -4
7 c 284.0+4°.
L P(p.0.2) = (4123, 28404 . - 3),

0= tan”’ % = tan
x

Spherical:

reyx 4yt = I 16+ 9 = 5.099.

4123
L tan” = = 12604,

P(r,0,4) = P(5.099, 126.04°, 284.04¢).

= tan

Prob.23
(a)
X = pcosg, y= psing,

V= pzcosg- p’singcosg + pzsing

(b)
Us=x>+y +20+y*+22°
= r* + r’sin? @sin® g + 2+ cos? 6
= F*[1+ sin? Bsin’ g+ 2cos?
Prob. 2.4
(a)
D, cosp sing Ol 0
D,|=|-sing cosp 0| x+z
D. U

D, = (x+z)sing = (pcosé + z)sin¢

D, =(x+ z)cos¢ = (p cosd + z)cos¢

D= (p cosd + z)[sin¢ a,+ cost a,]

Spherical:
D,] sindsing ..|[ 0
D, | = cosbsing ...\ x+z
D0 cosd L 00

p=yx* 4y = JPe 9 =17 = 4123,

20
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D, = (x+ z)sinf cos¢ = r(sinh cos¢ + cosd)sin sin¢.
D, = (x+ z)cosd sing = r(sinf sin¢ + cosd)cosb sing.
D, = (x+ z)cos¢ = r(sinf cos¢ + cosf)cosé.

D = r(sinf cos¢ + cosd)[sinf sing a, + cosO sin¢ ay + cosé a, ).

(b) Cylindrical:

: 2 2
E, cosg sing O} |y -x
E,| = |-sing cosg O xyz
E. 0 0 I |x*-2

E, = (»? - x*)cosg+ xyzsin ¢

= p’(sin’ g~ cos’ g)cosp + p’zcospsin’ ¢
= - p’ cos2¢cosg + p’zsin’ geosd. /

E, = -(y* - x*)sing + xyzcos¢

I

p’ cos2¢sing + p’ cos2@sing + p’zsingcos’ g.

E.=x’-2* = p’cos’ ¢- z2°. '

E = p’cosg(zsin’ §- cos2@)a, + p* sing(2cos® ¢ + cos2@)a, + (0 cosg- z%)a..

In spherical:

E sinfcos¢ sinBsing cosd | |y’ -x’
Ey| =] cosBcos¢ cosOsing -sind xyz
E, -sing " cos¢ 0 x’-z? ,

E, = (y' - x")sinBcos¢ + xyzsinBsing + (x’ - 27)cosh;
but x = rsincos¢, y=rsinfsing, z=rcosd;
E, = r’sin’8(sin’ ¢ - cos’ §)cosd + r’sin’ cosd sin’§ cosd + r’(sin’ 0 cos’ ¢ )cost;
i

t
I

Eg= (¥’ - x’)cosB cosd + xyzcosBsing - (x° - z°)sin; |
= - r’sin’0 cos2¢ cosB cosy + r’sin* 0 cos’@sin’§ cosd - r(sin’@ cos’ § - cos’0)sind:
E, = (x" - y7)sing + xpzcos¢

=r’sin’0 cos2¢ sing + r*sin’ 0 cos’ ¢ sin¢ cos: ”




tw
v

i
E = [-r'sin’ 6 cos2¢ + rsin’ 0 cosh sin” ¢ cosg + »*(sin’ 0 cos’ ¢ - cos’8)cosb a, - |

[~ 7" sin” 6 cos2¢ cosf cos¢ + r* sin’ 8 cos’ B sin” ¢ cosp - r sin@(sin’ 0 cos’ ¢ - cos’8)]a, +

+  [r’sin’Bcos2¢sing + r’sin’0 cos’ ¢ sing cosd]a,

Prob. 2.5 (a) |
[ ] l

X

To |
cosg sing 0| |[VP +Z

F
; y
F,| =|-sing sing 0| | ==
(4 2 2
F, 0 o0 1|VP**

4
/p2+z2J

1 p
F, = -=——=[pcos’ ¢+ psin’ @] = ———= )
P s e = g;

1
F, = ——==——==[-pcosd@singd+ pcosdsin =0
) = ol peosssing+ peospsing]

P 4
N P !
i
_ 1 - - :
F= T (pa, t4a.). '
Vol +z .
) 1
In Spherical:
Fi.
F, sinf cos¢ sinBsind cosh | |~
Fy| = |cosbcosy cosOsing -sinf z
r
F, - sinf cos¢ 0 4
L7 ]
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r. , Fooa ., 4
= —sin"Bcos' 0 + —sin’Osin’Q + —cosh

, =

. 4
sin“d + —cosh;
14 14 ¥ ¥

H

X 4,
sinf cosh - js1n9;

. , : . 4.
Fy =sinb cosB cos™ ¢ + sinf cosfsin" ¢ - —sinh
¥ /4

F, =~ sinf cos¢ sin¢ + sinB sin¢ cosé = 0,

. , 4 i, .
“ F = (sin"0+—sinB)a, + sinB(cosh - —)ay.
r r

(b)
M ” 7
xp°
[ 2. 2
G, cosg sing 0 P +2"
G,| =|-sing sing 0 __y%?
G. o o 1j|VvP*
BEAES
2 3
P 2 . 2 P
G, = —=—=[pcos” ¢+ psin =
T e N
G¢ =0

2

G -
= \/;)2—-1-;;,

2

G =L —(pa,+za)
o+ z
Spherical :
) o xrsinf
G. sinf cos¢ sinfBsing cosh .
Gy | = {cosBcosy cosOsing -sinf| | ysind
G, - sing cos¢ 0 zsinb
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G, =rsin’ 0 cos’ ¢ + rsin’ 0 sin’ ¢ + 7 cos’ 0 sin@
=rsin’@ + rcos’sin® = rsind.

G, = rsin’0 cos6 cos’ ¢ +rsin’0 cossin’ ¢ - rsin’ 8 cosd
= rsin” 0 cosf - rsin’ 0 cosh = 0.

G, = - rsin’0sin¢ cos¢ + rsin’§ cos¢ sin¢ = 0.

¢

.G = rsinf a,.

Prob. 2.6 (a)
A, cos¢ -sing O |p(z2°+ 1)]
A,| = |sing cosp Of|-pzcos
A 0 0 1 0

A= p(z + I)cosd + pzsind cos¢
7, 22 X
x+y (z7+ 1 X+
VXi+y )/——x2+y VX’ }’(x2+y

xyz

x? 4 y?

i1

x(Z2+ D+

A, = p(z°+ )sin ¢ - pzcos’¢

\/x +y (2 +1) %L
\/x‘+y2

x’+y?

xz

= Y2+ 1) - —=;
| yxi+y?

A.= 0

2
= K@+ 1) + )a, + [+ D) - = iy,
VXt yxi+y?

24
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B sinf cos¢ cosB cos$ - sing 2x
B, |=|sinfsin¢ cosfsing  cos¢ | | #cosh cos6
B. cosf - sinf 0 -rsin¢

B, = 2xsinb cos¢ + rcos’ 0 cos’ ¢ + rsin’ ¢

x*+ y’ x+} + 2’

\/x"+y"\/x3+y:+z2 X +yi+ 2’ x ty

xT+yT 2]

2x’ xz LY ‘X’ +y +2’

2 2 .’+ 2 2 2 2 2
\/x+y+z (X + Y )Wx +y' +z

. . 2 . .
B, = 2xsinf sin¢ + rcos 8 sing cos¢ - rsin¢g cos¢

2xy\x’+y? \/x +y’+ 2 (xyz )

;
Y"f'l

7. 2. 2 Xy
+y° + 20 (——
-yJx’+y (x2+ 7)

\/x+y\/x+y+z X'+ yiez?
B 2xy xyz’ xpyx’+ pT s z:..
—\/x"+y2+z2 +x"+y"\/x2+y2+z" ) ‘/x2+y2 ’
B, = 2xcos- rsinf cos cos¢

_ 2xz NP (p)x?+
ey (FP+y’ 420 xl+y?

_ 2xz xz _ Xz )
—\/x"+y"+z2_\/x2+y"+z" ) N

- 2x? p xz ",/x"i» 2v 27
SB = p LAY

) ) ) ]“x
Vxi ey e 2 Yy Wxt e y? 4 2 x*+ y?
2x X Z X ‘[x2+ 2+22 -

[
\/x"+y2+z (x’ +y)\/x +y’+2? x’+y?

Xz -
[ h 2 hd ]a:
\/x' +y +z




(b)

Prob 2.7 (a)

0
1]

D =

cos¢p -sing O] | zsing
=|sing cosg O] |-pcos¢g
0 0 1 20z

R 2
: , Xyz XYy xT+y°
zsingcosg + psingcosg = — Y + :

xt 4y’ Xty
- , yZZ xZ ,x2+y2 '
zsin" ¢~ pcos’ ¢ = —— - 2,2
x“+y X +y
20z = 2z4/x*+ 7
2 2
xyz xy - Yz X - 2 -
= (7= + —=)a,+(—5—5 - > 2)ay4r2z,/x +y’a.
Xty x'+y Xty \/x +y
[ sind |
sinf cos¢ cosB cosp - sing r’
o . cosf
= |[sinOsing cosBsing cos¢ B
,
cosf | - sin¢ 0 0
L J
sin’fcos¢ cos’@cosh coso x
= 2 + 2 = 2 = > k) 2 )
r re r \/x‘+y2(x2+y“+z‘)
sin’ 0 sin¢ . cos’0sing  sing y ‘
r? r? r? V(7 + y e 2y

sin6 cosf sinf cosf

26



(©)

Prob. 2.8 (a)
a.ea, =(cospa, - singas)ea, = cos¢
a.say = (cospa, - singas)ea, = - sing
a,ea, =(singa, + cosgas)sa, = sing
a,s a, = (singa, + singa,)ea, = cos¢
(b)
Since a, , a,, and a. are mutually orthogonal
aea.=1, awea,=0;, a.ea,=0.
Also, a,ea.=0;, a,ea.=0.
cos¢ -sing 0 ax* ap ax® as
sing cos¢ O|=| ayea, aya
0 0 1 a,ea, a.ea,

In spherical system:
a, = sinf cosd a, + cosd cos aq - sing ay.
a, = sinfsing a, + cosf sing as - cost as.

<

a.= cosba, - sinfas.

Hence,
a.* a, = sinb cosd;
a.% as = cosH coso;
a,ea, = sinf sin¢;
a,sa = cosd sing;

a-sda, = cosd;

a.eay = - sinf;

a.ea.
a,ea.

aea;
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T sinfa, &~ -q
cosfa, sinf(-a,)
ap
cosfa,
a,
a
0 a, 0
|
p
a, sind cosd 0| |a
ag| =] 0 0 1| | ae
a. cosf -sind 0] |q.

Prob. 2.10 (a)

H, cos¢ siny 0} |x’z
H, | = |-sing cos§ Of|x’yz
H. 0 0 I||g

H, = xy’zcos¢ + x’yzsing = p’zcos’ ¢ sin’ ¢ +p’zcos’ ¢ sin’ §.
1 3 2
= —p’zsin® 2
5P zsin’ 24
H, =- xy’zsing + x’yzcos¢ = - p’zcos¢ sin’ ¢ + p’zcos sin¢

= p’zcosd sing cos2.

H. =xyz’ = p’z’ sing cos¢.

Y - I, . -
H = -2—p zsin’ 2d a, + Ep zsin2¢ c052¢a. + -2—p zsin2ba..

r

i’H1 sincos¢ sinBsing cosd xy’z
|

H,| = |cosBcosp cosBsing -sinb| |x’yz
H

H,b -sing cosé 0 | |xpz°|

x = rsinf cosé. v=rsindsing. - =rcosh.
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H_ = xyz[ysin6 cos¢ + xsin6sin¢ + zcosh

= r”sin’ 0 cosO sin¢[rsin’ 0 sing cosd + rsin’ 6 sing cosé + rcos’ 9]
Hy = xyz[ycosb cos¢ + xcosOsing - =sinf]

= r’sin’ 0 cos0 sin¢ cos¢ [ sind cosd sin¢ cosé + rsind cosh sin¢ cos¢ - rcosh sinf ]
H, = xyz[- ysin¢ + xcos¢]

= r” sin’  cos@ sin¢ cosd[-rsinB sin” ¢ « rsinb cos’ o] |

=+’ sin’ 0 cosO sin¢ cos2¢.
H= r’sin’ 0 cos0 sin¢ cos[(sin” 0 sin2¢ + cos’8)a, +

(sinB cosB sin2¢ - cosO sinf)a, + sinb cos2¢ a,].

i

1

b
i

(b)

At (3-45), H(x,y,z) = -60(-4,3,5)
|H(x, y.2)| = 4243 "
This will help check H(p,¢,z) and H(r,0,¢)
=5, z=35, ¢=360°-tan”’ 3 = 306.87°
] i
3(125)(5)( 0.96)a, + —(125)(5)( 090)(-0277))a. +—(25)(5)( 0.96)a. |
= 288a,+84a,- 300a-
Spherical,
5 1 S 1
=4/50=5y2;" sinf=—== —=; cosf= ——= —.
W2 2 TSR
, 4 3 (
& sm¢=—§, COS¢='5‘- )
] 11 I, 1201 - 1.9 16 . °
W H = 2500 (—7=)(- —= **2-— Pt {5*2(-0)- < ={=- '
= 200G X K- 39065 * 20 390+ Sa + (52 1) P B
= -8485a, + 4158a, + 844,. .

Prob 2.11 (a)

A | =isiné cos¢p 0
A

‘ . l-

(Ar cos¢ -sing 0Hpcos¢

0 0 IJ p: smdn !

]
: |
I :
i .
|




(b)

3

2 2 2 x: X"
A, =pcos d = \x + y° — = T

x4y X +y
;X X
A =psing cosd = \/.\’2+ R - > = ’y >
X" +y Jx‘ +)°
[ ) - - ~
A = ——=([x"a. + xya, +yza.].
X"+ y°

At (3,-4,0) x=3, y=-4, z=0;

A=Z[9a,-12a,].

i

w W=

A

|

sinfcosg sinfsing cosb

AI‘
Ay | = |cosgcosd cosfsing -sinf
A4, - sing cos¢ 0

SERNEANEY

x=rsinbcosd, y=rsinfsing, z=rcosd, p=rsind.

risin0cos’ ¢ . r*sin’ @ cos¢ sind
= sinB cos¢ + -
rsinf

; sinf sin¢ +
r sinf

r’sinf cos’¢ |
- sin¢ cosf
rsin@

= rsin’0 cos$ + r?cos’ 0 sinb

A, = rsinf cos’ § cosb cos¢ + rsind cos¢ sin¢ cosB sin¢ - r* cos’ 0 sin¢ sind
= rsinf cosd cos¢ - ° sinf cos’ sind
= rsinf cosB[cos¢ - cosO sin¢ ]

A, = - rsinb cos’ ¢ sing + rsind cos¢ sin¢ cos¢ = 0.

A = rsin” 8 cos¢ +rcos’ 0 sing]a, + rsind cosBcosé - rcos sin Jay.
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At (3-40), r=5,80=n/2, ¢=30683
cosd = 3/5, sing = -4/5.

A= 5[ *—i;+ 5(0)(-4/5]a. + 5(1)0)a,

= 3a,.
-
Prob 2.12
A, cos¢ -sing Of | 4,
A | = |sing cosp 0|4,
Al 0 0 1] | A
. X y -
- 0
\/x" +y° \/x" +y° 4
P
y X
= 0|4
\[xz + yz sz +y2 At
0 0 1 z
A, sin@cosg cosfcosg - sing| | 4,
A, | = |sin@sing cosfsing cosg| | 4,
A, cos@ -sind 0 A,

X
\/;2+y2+22 \/x +y\ﬁc+y +2* \/x2+yz

z vty
L,/)c2+y2+z2 Y+ yie 2

Y
= \/x2+y2+z2 \ﬁc+y\r+y+z \[x2+y2
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Prob 2.13 (a) Using the results in Prob.2.9,

A,= pcsing = r° sin@cos@sin ¢
A, = 3pcos¢ = 3rsinfcos¢
A. = pcosgsing = rsinfcosgsing

Hence.
A| [sin@ 0 cos® | r’sindcosd sing
Ay |={cos® 0 -sinb 3rsinb cos
A 0 1 0 rsind cos¢ sin¢

¢

A(r,0,4) = rsin9[sin¢ cose(r sinf + cos¢)a, + sin¢(rcos"6 - sinf cos¢>)ae + 3cos¢»a,]

At (10.n/230/4), r=108=n/2,0=3n/4

- o 3
A= 10(0a, + 0.5a, - Tga.) = Sa, - 2121a,
® B=r'=(@p’+z"), B,=0, B,=sinb=———=—

B, sing cos6 0
B,i=| 0 0 1
B. cosd -sinf 0

L[4

' P
B(p,$,2) = ,/pz + zz(pap + R a, + za:)

At 2,n/6,0), p=24=n/6,z=1

Br
B
B.

@

B=+5(2a,+04a, + a,)= 4472a,+ 0.8944a, + 2.236a,

Prob 2.14

() d= J6-2)7+ (-1- 1)+ (2= 5)? = V29 = 5385

A d’ =3 -5 - 2(3)5)cosm+ (-1-5) =100

(.1: \/100 =

(P




(c)
) a - T T
d” =10+ 5 - 2(10)(5)cos —cos —
4 6
d* = (10)(S)sin " sinZcos 7% - 2X
=(10) )sm4sm6cos P
d=+99.12 = 9956.
Prob 2.15

(a) An infinite line parallel to the z-axis.

(b) Point (2,-1,10).

(¢} A circleofradius rsin@=5 , ie. the intersection of a cone and a sphere.
(d) An infinite line parallel to the z-axis.

| (¢) A semi-infinite line parallel to the x-y plane.

() A semi-circle of radius 5 in the x-y plane.

Prob.2.16
At T(2,3,-4)
S 13
0 = tan”’ /x2+y' = tan"\/_—:—= 137.97

-4 « Jl—j
0= —==-07428,5in0 = ——= 0.6695
COS \/’2—9 sin m

3
b=tan' L= tan"' 2= 5637
x 2

2 3
cos¢\ﬁ—3—, sm«b-m

a. = cosba,- sind a, = -07428a,~ 06695 a,.

a, = sinf cosy a,+ sinf sing a,+ cosh a .

=03714a.+03571a, - 07428a..
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Prob.2.17

At P(0,2.-5). o =90°

B.| [cos¢ -sing 0][B,

B | =|sing cos¢ O0f]B,

B, |0 0o 1|]|B.
0 -1 0][-5
=11 0 0 1J
0 0 1)|-3

B=-a.-5a,-3a:

(@) A+ B=(24,10)+(-1-5,-3)

= a,r"&y+ 7&:.

b cosg, < AtB =52
(b) cosbus = 4TTB1 = V2200
-52

0, = cos”'( 4200) = 14326°.

Prob. 2.18
At P(8, 30°,60°) = P(r,8,9),
x = rsind cos¢ = 8sin30° cos60° = 2.

y=rsinf sin$ = 8sin30°sin60° = 243

1
z=rcosb = 8(}-«/§)= 43.

U S
a, = -sing a,+cospa, = - T3 At 5ay

= 45a.-2598a,.

A= degy = LB _ 52 o0
= [} = = - - -
(C) R ap B ‘/:—Bg . .

G = I4a.+ 8J3a,+ (48+ 24)a. = (14,13.86,72);

L / _ _
Go= (Geas)as = (=73 + 43)S(-V3a+ a,)
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i Prob. 2.19
(@) J.=(Jea.)a..

At(2, 7/2, 37n/2), a. =cosBa,- sinbag = - ay,.
J.=-cos20singa, = - cosxsin(37/2)as = - a,.

- 2 - - - _
by Je= tanglnra,, = tangln2a, =1In2a,=06931a,.

() Ji=J-J, = J-J,=-as+In2a, = - as+06931a, .

(d) Jp=(Jea)a,

a. = sind cosg a, + cosh cosd as- sing a, = a,.
At (2. n/2, 3n/2),

J/* = ulzé@.

Prob 2.20
At P, p=2, $=30°, z=-1
H=10sin30a,+ 2cos30° a,- 4a..

= 5a,+1732a4- 4a..
(5, 1732, - 4)
V5 + 17322 + 42

[ 4

a,= = 0.7538a,+ 02611a,- 0.603a..

I

(b) H.=H, cos¢;H,sm¢= Spsingcosg - pzcosdsing
or Pat p=5, =30, z=1;

H.=H a,= (25sin30°cos30°+5sin30° cos30°)a,.

= 13a,

(c) Normaltop=2is H,=H,a,;

ie. H,= 07538 a,.

i (d) Tangentialto ¢ = 30°.

VHo=H a~H. a.=07538a,-0603a.

30




Prob.2.21

W w

(a) At T,x=3y=-4.2=1p=35.cos¢ =~
A=0a,- 5(I)(- §)a¢,+ 25(a.-
= 3C.l¢+ 25&;
5 /
*=+26, inb = === cosh = ——
r=+ sin %, %

B= 26(;—_3)21,+ 2(,/26) —J%a,

=-156a,+ 10a,

(b) In cylindrical coordinates,
B, sin@ cos® 0| |-156
B,|=| 0 0 ! 0

B. cos@ -sin@ 0 10

. 3.5
B, = 156 sind = 26(- W)= 153
B, =10, B.=156 cosd = -3.059

B(p,9,2)= (-15.3,10,-3.059)
1 (30-76.485)(-153,10,- 3.059)

2 343.36

= 2071a,- 1.354a,+0414]a..

(¢) In spherieal coordinates,

A sin@ 0 cos® || 0
=lcosB O -sinbjl 3
P .

AL 10 |25

! f’ﬂ
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A = 255in6 = —25(—\/;=6) - 2451

A, =0.

¢

a. a, a,

Ax B= 4903 -2451 0| = - 245.1a, + 49.03a, - 382.43a,
=156 0 10

- t Ax B

- = = (0. 2,- 0.1073a 8371a,.
a i 15687 (05365a,-0.1073ay + 08371a,

Prob 2.22

(a) For (x,y,2)=(2,3,6),

r=‘/x2+y"+zz =7

x =2
X = rcosa cosa = —=—, o = /06.6°
r 7
3
y=rcosp cosp = -;‘_i= 7,[3 = 04.6°
z 0
Z=FCOSy COSYy = —=—,y = 3/°
r 7

Hence,
(r,a,B,y)=(7,106.6° 64.6°, 3I°)

(b) For (p,9,2) = (4,30° - 3),

r=4p’+2z° =5,
— E_ i _ 126 90

cosy = oS y= .
x cos¢ 4cos30°

cosa = —=p = a = 46.15°
r ¥ b
) si 4

cosB=2= LS 4300 B 6642
r r b)

(raa.B.y)y=(346.15° 66.42°.126.9°)
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(c) For (r.8.0) = (3.30° 60°),
r=3, y=60=30°,

x  rsinf cos¢
,

cosa = a=7352°,

_ !
r T
cosB = == sin0sing = 0.433 B= 64.34°,
r
(r.a.B.y)= (3.75.52° 6434 30°),

Prob 2.23
i - 2rcosfsing -

G = cosyay+ : a,+ (1-cos’ @)a.
rsiné

= cos@a,+ 2tan@singa, + singa.

Gr sinfcosg sinfcosg cosd cos’ ¢
G,| = |sin@cosg cosfsing -sinf| |2tanBsing
G, - sing co.¢ 0 sin’ ¢

Gr = sinfcos g+ 2cosfsin’ @ + cosHOsin’ ¢
= sin@cos’ ¢ + 3cosPsin’ ¢
G, = cos@cos’ ¢+ 2 tanHcosPsin’ ¢ - sinfsin’ ¢

G, = - singcos’ ¢+ sin? pcos @ = sin gcos(sin@ - cos @)
G = [sin@cos’ ¢ + 3cosPsin’ ¢a,
+ [cosBcos’ @+ 2 tanfcosPsin® ¢ - sinFsin® glae

+ singcosg(cosd- cosd)a,
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CHAPTER 3
P.E.3.1
4=60°
() DH = [rsinp | = 3[=-2) = < 07854
e r=3.0-90° 37407 4
0= Ton 5n
(b) FG:OJOGmQ s = 5G- = = 2618,
(c)
8=90° §=60°
AEHD = | [r*sin0 db dg |, = 9(-cosb)e2e: g0
8=60° §=45°
Il = 3n
= 9=N—=)= == 1I7
| GNP= 5= 178
(d)
s A I Y -
ABCD = rdfdr = | (5-2)= — = 4.189.
r=J; =60 2"=3 2 3 3 =
(e)
r=5  $=60°0=90 3
Volume = I I j 3 3 (-cosd) IM(, = —( 8)( )——
r=3  ¢=45°0=60
MLLLIE
36
P.E.3.2

I

~J



4]

4/_1051: (I+ f + I)Zodlz C,+C,+C,
I / 2 3

Along (1), C, = [Asdl= [ pcost dpl,_, =

0

Along (2), di=pdya, Aedl=0, C,=0
0 22

p
Along (3), C, = [pcosbdp,.qp. = 1 (==t

!
2

§Asdl=C,+C,+Cy=240-1=1
!

P.E.33

VU< (?U- +6U_+6U_
(@) 6x oy A 0z

= y(2x+ z)a+ x(x+ z)a,+ xy a.

= (zsin¢ + 2p)a,+ (zcosp - gsin2¢)&.+ (pcos¢ + 2zcos’ § )a.

(©
F.o1g. 1 &-
vi-Las-Lap ——2
/ &a +r§6’a()+ rsm0§¢a¢
= (cosOsing+ 2r@)a,- sinfsinglnra,
+ (cos@cos¢lnr + rcosecH)Ez,
P.E.34

VO =(x+ y)c_1,+ (x+ z)c_z,,+ v+ 2)21:
At (1,2,3) Vo= (5,4,3)
(221) ﬂ_

3 3
where (2,2,1)= (3,4,4)- (1,2,3)

Vdea, =(54,3)e 7,




P.E. 3.5

(b)

()

Vg=logza.- 2ya,+

VeRB

At(5,%,1), VeB=(2-3)l)=

Let f=x"y+z-3, g=xlogz-y +4,

Vf=2xya.+x’a.+a.

a-:

N

At P(-1,2,D),

vf (-4a.+a,+a.)

n, = + = -
EENy J18
o (-5)
cost = ny.n, = i—l\/ﬁ
= cos™ = 73.39°
O=cos® 705 2733
P.E. 3.6
. 04 04 0A.
(@ Ved=—24—24 —==-0+4+0= 4x.
ox dy Oz ——

At (1-2,3), Ved =4

138 10B, 3B
—PB)+ ———+
pap p 7 op

]

1 1 y .
;2pzsin¢— ;3p z’sing + 2zsing - 3z’ sin¢

(2-32)zsih¢ .

1

o"A,
rsinf &g

snn@é’H(A sm0)+

—

=7 6r’ cosfcosg

= 6cosfcos¢

w N
i
8]
n
Ne)
o)

Al(l.%. ). Ve(C= 6cos%cos

W N

| S —
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(c)
] | 7o 2rcosfsing 3 ,, a |
VxC= a,——— (""" cosd-0) + a—e(~w-~—r"‘)+ £11(0— 2rsinf cos¢)
rsinf r sinf 2 ¥

= r"""coth a,- (2cotf sing + ‘ér-"‘)ae'k"‘9 cot¢ ay

At (1,=,3), VxC= 1732a,-45a,-05a,

4210 dl = I(V X ﬁ)od.g'
| | zcosd

a, and dS=pdydpa.

But (Vx 4)=sin¢a.+

j(V 9 A)edS= Hp sing d dp

S

P.E. 3.11
(a)

V2U—£2 + +f—(2+ )+Z )
—@C(xy yz) 5 Xtz ék(xy

= 2y.
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Y+ zCcosxz X X COS Xz

Hence B is a conservative field.

(b)
V= lip( i
pap”
1 1 hi 2
= —(zsing+ 4p)- —(zpsi =" cos2¢@) + 2cos” ¢.
P P
2_,2
= 4+ 2cos’ ¢-
o
(c)
, I o 11 . )
Vf = —2-6—;[7;‘;059 sing + 2r¢g] + Tsin0 20 —[-sin’ @ sin¢ Inr]
+ 3 SinZ [- cosO sinb Inr]
1
= ;70059 sing (/- 2In. - csc’ 8 Inr) + 6Y
P.E. 3.12
If B is conservative, V x B = 0 must be satisfied.
o 8 2
VxB= 0x oy 0z

= Qa.+ (cosxz - xzsinxz - cosxz + xzsinxz)a,+ (I- l)a:
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b

Since _[xdx = iC“[';: 2 and Idx = 2, we get
0 2 0

[4dv=22)2)2)a.+ ()(2)(2)a, - (2)2)2)a-

=l6a.+8a,- 8a-

A, cos¢ sing O] 2xy
A = |- sm¢) cos¢p O} xz
A 0 1| -y

A, = 2xycos¢ + xzsing = 2p” cos’ ¢ sin¢ + p zcosé sin¢
A, =~ 2xysing + xzcos$ = - 2p” cos¢ sin’ ¢ + p zcos” ¢
A

. =-y=-pcosh
dv=pdydpdz

j)idv = I“Zp’ cos’ ¢ d(- cosd)dp dza, + ”Ip"::cosd) d(-cos¢)dp dza,
- Zjﬂpj sin’ ¢ d(sin¢)dp dza, + HJ‘p”zcos" o db dp dza,
- Ijjpzcos¢ d dp dza.

2x

Since jcosgb dy =0,
[

h
p3322[500$2 I" -
—| = a
3 2b 2 P

3 2

-%iﬁztﬂ‘;im PLE s L a

25 - -
=0+0+0+ (9)(7)(3)a. = 56.25a,

I—Adv = —Z%iEcos;d) E”z[jc_zp—

(c)
A sinf cos¢ cosBcosp -sind || 2xy
A, | = |sinBsing cosBsing cos¢ xz

A, cosf - sinf 0 -y
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Prob 3.11
oy - _% f_VL il_/‘ =24
Y Y R
av,

= — V.= A

dt :
v, 0 V =B
dr - v
dv.
— =24 —_— V.=24t+C
dt i

Att=0, V.,V,,V.)=(-2,0,5). Hence,
A=-2, B=0, C=35

dx
=—=-2 — =-2t+ D
= - x
dy
Vy=g’-=0 — y=F
dt , 2
V:=2;=2.4t+5 —- z=12t°+ 51+ F

At t=0x=0,y=0,2=0. Hence, D=0=E=F
x=-2,y=0,z=12t° + 5¢

(-2,0,6.2)

(b) V=WV, V.)=-2a,+@24t+5)a. m/s

Prob 3.12
(@) «
. AU-. . dU-
VU= "=
V=%

a.+ —a,+—a-

¥’ &

= 4z’ a,+ 3za,+ (8xz+ 3y)a.

(b)
i} oar- lor. or-
VT=—a,+ ——a,+ —a.

@dp " pod - &

= 5¢"* singa,+ Se”* cospa,- 10pe”* singa-

(@) At t=1, x=-2, y=0,z=6.2. Thus the particle is at
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US< 20460 -5 and - VS (26,-D)
= Za, d,-a- an a, = =
! VS| J4+36+1

a, =03123a,+0937a,-0.1562a.

Prob 3.15
VT=2xa.+2ya,-a.
At (1,1 ,2), VT=(22-1). The mosquito should move in the direction of

2a.+2a,- a:

Prob 3.16 (a)
Ve A= ye™ + xcosxy - 2xcoszx sinzx
ERNEE)
VxA=1{8x dy 0z
e” sinxy cos’xz

(0-0)a.+ 0+ 2zcosxzsinxz)a, + (ycosxy - xe®)a:

z sin2xza, + (ycosxy - xe”)a..

(b)
VeB Lo (p’z* cosg) + 0+ sin’ ¢
[ = —
pap
= 2z'cos¢ + sin’ ¢
. 19 B. - 0B, 9B. - 1 0B, -
VxB= (5—6'6—-—0)0‘,4-( 32 3 )a, + p(O— 2 )a.
zsin2¢ - -, -
= a,+ 2pzcosp a,+ z°sind a-
(0)
., 10 a 1 .,
Ve(C = P ar(r cosf)+ sind 20 (- r.sm 0)+0

2cosf
= 3cosf - P
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VxC-=

rsmO 06

1 ¢ ;
+ =[7—=(-sinB)+ rsinb]a,
ror

= 4rcos a,- 6rsind ay+ sinb a,
Prob 3.17 (a)

-1 ) -
[—(2r’ sin’0) - 0)a, + —[0 - — (2r’ sin®)] a,
r or

Hence. Ve //=0

g 4 2
Vxd=|& & & |= -y'a.+2za,-)a..
x’y y'z -2xz
VeVx A= (__)
(b)
L dod 04, _ 34, 94, . 1 3(pA) 04,
V A= —— L — + (— - —= -— - —
A= Ty e () o0 ) 5 5
- - 1 -
= (0-0)a,+(p° - 32°)a,+ p—(-lpj—())a:
= (p° - 32°)a,+ 4p? a.
VeVxd=0
(c)
- ! cos¢
v = ,
x A= <ing 69( sinf cos¢)a, + [—— 5ind »
- cosfcosp -/ i -
"~ rsin® ,a"+r P sing | cosd]as
-1 - 1 cos¢ -
=" cotf cosd a,+ r’(sinB +cosf) ay
VeVx A= 0
Prob 3.18
2
Ve H=kVeVT=kV T
_? 3°T  &°T ? q?
\% Tz(i ; —=505m——cosh~(~£—+n—-)— 0
cx” oy 2

] -1 .
el "cos0)]ae + —~(0-0)a,
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Prob 3.19
()
. o o o
VeV A) = 4 — —(V A.
*(A) = —=( fL)+ﬁy( Ayt 5V A4)
vV A4 oV A, V  APA
= — == —+V—= A —+V—
A GtV o)t U VgD s (Ao V2)
l/ﬁAI+ﬁAy+ﬁA: 4 5V+A 6V+A v
= + —_— — —
( dx Jdy Oz *ox Yoy Cz
=VVeAd+ AeVV
(b)

VeAd=2+3-4=1, VV=yza.+xza,+xya.

Ve(VA)=WWed+ AVV
= xyz+ 2xyz+ 3xyz-4xyz= 2xyz

Prob 3.20 (a)

0 2 2
0x 0dy 0z
VA, VA, VA

VxV A

0 0 - 0 0 -
(55 4= 3,04 as +[3- (4 - - (VA ),

3—»% —Q-VA a
+[6x( y)—ay( Dla:

oV 94 oV 04 .
. =- A y]a,
"ox oy Yoz 0z

oV 04, OV _0A

Yoz 0z _A’6_;+V-6—x_~]ay

oV A, 3V A -
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Vxéa.= Vxtan -Xa_-

X - Y -
= —a,t+ —sa,
p

= Vlinp, asexpected!

Prob 3.23
!l - ] -
Vo = Vo = —
¢ rsing > 9 F e
rVG _ (-19
sin@  sin®
rvo 1 -
v = —sin@
x(sine) y SIn0 e
™ Vo=V (rVG )
=V x
us, sinf
Prob 3.24

(a) VIV = (6xy+ z)c_z,+ 3x? c_1y+ xa.

q

VeVV=06y

2 2 0
VxVV=1| 0x oy 0z|=
6xy+z 3x° «x

0

(b) VV = zcosd a,- zsing a, + p cosd a.

VxVFIF =20

/0 :
VeVV = ———-(pzcos¢)+—z-cose +0= Ecos¢v—
p dp p p

-

:'cos¢ =0
p =
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n

Vr"i-=2x"(§) (7 +y7 42 +2y( 2y ey e )T

JI:

» R 5 5 g'l
+ 22'(—2-) X+ 2 A e "

n

n
4 3-7
=n(x" + yz + zz) (xz + y” + z")- + 3r

=nr"+ 38" = (n+t 3)r"

- 0 ¢ ¢
bWV xrr=  ——
OWxrir= 50 3 %z

n n n

r x ry rz

h 2.2 g n y 2 2 st
= [Zy(E)Z(x ty +z') - 22(5)y(x‘ ty +2z7)° Ja,+

=0
Prob. 3.27
(@) Let V=lnr=InJx’+y +2’
oV l x
P (2x)(x +y? +z)~5-r2
ov . oVv. av._ a,+ ya a. r
VV=—a:;+ —a,+—a.= x4 y?y* 24 | _r)_
ox oy oz r re
Y : )
(b) LetVV=A= 7= a, in spherical coordinates.
-1 9 l d
V2 (Inr)=V V (Im)=V A== —(r’dr)= 5—(r)
r- or r°or
_ L
=
Prob 3.28
(a)
s Vi=x+y'+ 2
., OV, &V, &V,
VWV = P + c} + 2

= 5(3x2)+ %(3)'2)+ 5(323)
=6xX+6)+62=6(x+1v+72)

(b)
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(c)
W =e"sinf cos¢
. ¢ , : 2 ¢
VW = —— (-re’sinbcosp)+ cosd) (smG cosf)
roor r*sinf
e”" sinf cos¢
r’sin’ @
1
= —(-2re”" sinb cos¢ ) + ™" sinf cos¢
’
2 .2 -e’ 6
¢ > C,OS¢ (cos" 8 -sin"0) - e—,?ﬁ
r-sinf r°sinb
) . 4
VW =e"sinb cos¢(/- ;)
At (1,60°,30°),
VW =e"'sin60cos30(]- 4)= -2.25¢"" = -08277
Prob 3.30
(@
an an >V
V¥ =
"y
=2(yz +x°2% + x2y?)
(b)
V?A=V’4, a +V’4,a,+V’ 4.a.
=(2y+0+0)a,+(0+0+6xz)a,+ (0- 22° - 2y")a.
= 2ya.+ 6xza,- 2y’ + 2)a.
()
graddiv A=V(Ved) =VQxy+0-2y*s)
= 2ya.+ 2(x- 2yz)a,- 2y’ a.
(d)

curl curl A=VxVxA4 =V (Ve A)-V’4
From parts (b) and (c),

VxVxAd = 2(x-2yz-3x2)a,+ 22" a.

#

L
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Prob 3.32 )

= - ijzcosz¢d¢dp+ ”p"cos"d)d¢dp - ”2pzzzd¢dzL + ”2p222d¢dzL S

2x 1 2n /

=- 22 [db [2dz+ 205) [ [z
0 -1 0 -1
3 3

z7, z7,
-8(2m)(5 L) +50¢2m) (5 )
-32m 200%
3 3] =
(b)Ve D= ii(2p2z2)= 4z’
p op

i}

[veDav= [[[4zpdpcpdz = 4 Ijz?dzjjpdp?c@

7j
= Jx—
3

’ p? S(2n) = 567 = 176

-1

=2

L
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Prob 3.35
(a)

Ved=yie 3y s sy
IVO_Advz JIJJ’y"dxdyd:

/ ! !

= s[ax[ydy ez = s | = 1667

0 0

paoas=tff <[ ][ <[+ «[[140as

y=0 =

”xy ‘dydz| + ”xy dydz| j [ yfdxd,

+ “y’dxdz|y=/~ ”y zdxdy|:=0+ ”y zdxdy|:=1

vy vy
= (1)(1>(7L) NOOOE (1)(1>(—3—L) = 1667

(b)

3zcosd O 42+ 3zcosd

- 139
Ved=——(2p’2)+
pap(p )

IV v A= J'”(4z+ fpicosd))pdpdtbdz

- 4]'pdp [zdz[db + 3jdpjzdz fcosé db

0 ¢ 0 0
425 1 25
= 4(3)(7)(7) + 3(2)(*2—)811145
=251 +75sin45° = 13157

fasas=(ffs [+ [+ [+ [[ymas

p=2 220 z=5 4=0 ¢=45°

=+ S+ + J U
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Javas=][+ jj U R

4=0 ¢=n/2

haa

=x!

el

"a

Since A has no ¢ - component. the first two integrals vanish.
/2 x/2 n/2

J‘}Io ds = I Ir‘sinGaBa’nb L j Ir sin” Ocustbdrdd)L

=0 4=0 r=0  ¢=0

4

- 81 (—3—) (- cos)[ "+ 9(nysing [
8in

= 7 + 9 =136.23
Prob. 3.36
I p,dv= (f}io dS (divergence theorem)
S
where p, = Ved=x"+ )’
0 A, x’
ax—x2 e Ax=—3—+C,
04 5
—5-;)’—= p— Ay= '3— + C2
Hence,
3 3

- x - y -
A= (—}— + C))a, + (? + C,)a,

Prob. 3.37 .
(a) y 4
2, b
\ 4
>
o 2, a
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(a)

(b)

[veFdr = [[[Gosing - Zsing +p) p b p

2n 3

=0+0+ jdz[d«t [0
g

0 2

_ 190
3
Prob. 3.39
Let B=VxT
y :és.B'dS: IV'de=IVonTdv=0
Prob 3.40

0= ,.Q:nH’Sinﬂ(COS¢— sing)a,+ (cosg+ sing)a,

= r(cosg- sing)a.+ r(cosg+sing)a,

o sinfcosg sinfsing cosf || Q,
Q, | = | cosfcosg cosfsing -sind||Q,
0, -sing cos¢ 0 0.

Q = rsinfa, + rcos@ay + ra,

; - 1
dl = pdpa;, p=rsin30°= 2(-2-)= 1
z=rcos30°= 43

Q,=r=4p+2

2z

foedi= [ o'+ 2 pdp=20)2m) = ax
0

Vx Q= cotba, - 2ay+ cosh a,

For S,. dS=r’sindd®dpa,

[(Vx0)edS = [rsind cotd ab dg

N,

r=2

2x 30?

= +[dy [cosh b= 4

7] 1
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()

(d)

(e)

®

‘ For S,, dS=rsinddddra,

I(V xQ)edS= - 2Irsin6 db er:w

= —25in30jrdr 2fd¢
g

0

For S,, dS=r’sinbdp b a,
J, 0vdS=r[sin"0dddg|
x 30

= 8 [dy [sin?6

0 0

N}

n 3
= ly- 5

=2

For S,, d§=rsinddpdras
J, 00d5= [rsinb cosd db dr|
i3

3

=30°

-~ 1 J . o
VeQ-= o o”r(r sinf) +

r
rsind 26
= 2sinf@+ cosfcotd

[veQav = [@sin6+ cosbeot B)r* sinodo g dr

r3 2

30
= @) [(1+sin?0)do

H

3 o
4 \/5

5 (T-7)

(sinfcosB) + 0

t
||L__ - —
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Check: IV ¢ QdV = (LI + L )V xQ)edS

Prob. 3.41

3 V3
B
V3

4n 3
T[n - 7] (It checks.)

Since u= o xr, Vxu=Vx(o xr). From Appendix A.10,

Vx(Ax By= A(VeB)-B(Ve A)+ (BeV)A- (AsV)B

Prob 3.42

Vxu=Vx(@xr)
Vx(@xr)=a(Ver)-r(Vea)+(reV)ao - (@eV)r
0d)-0= 20

Vxu.

N~

or o=

Alternatively, let x=rcosot, y=rsinot
- O0x- oy -
ll = __ax + —~ a),

ot ot

-orsino fa, + orcosora,

<

-0 ya, + o xa,

0 0 0

Vxu=|dx 3y dz|=20a.= 20
-0y ox 0

R S

i.e., 0)=3qu

Let A= UV V and apply Stokes' theorem.

[twreai= [vxavyyeds

1

- [vuxvrass [u 9 xvryeas

< v

But VXV I = (0. Hence.




7

[owveal= [(vuxvryeds
/

5

Similarly, we can show that

[Wwueal= [(Vrxvuyeds- [(VUxviyeds

I

Thus, jUVl'-diz—IWUOd]

I A

Prob. 3.43

n/2

Let A=r"r=(x"+y’+2°)

By divergence theorem,

[deas=[veaa

Ve = 0Ax 6Ay 0Az
ax 6y 0z

0
a—(xr )+ ——(yr )+ —-(zr )
n/2-1

=r"+ Zx"(E)(xz +y'+2%)

e 2y2(g‘)(x2 4 y? 4 Ay
+rh+ Zzz(g)(x2 + Yt + 2y
=3r"+n(x’+ yl+ 20!
=(3+n)"

Thus, §r"rds= j 3+ n)r'dv

n 1 n_. 1.
or Ir dv = n+3(§r rds
Prob 3.44
(a)
o 0 2

VxG=| éx dy 0z
16xy-z 8x’ -x

= Qu.+(-1+Da,+(16x-16x)a. = 0

Thus, G is irrotational.

'(xc_z,+ ya,+za.)
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(b)
4=§Gods= [VeGav
VeG=16y+0+0=16y
1 1 !
4 = ”Il6ydrdydz= 16! dxj dzI ydy = 16(1)(1)(%2 :)): 8
0 0 0
(c) y A
—
| !
t
> —>
0 1 X
- x=1 y=1 a0 10
fc;.di - x!0(16xy—z)dxl!:gf y!08x2dy;é+x!j(16xy—z)de:5+ y!lgxz B

0+8(1)y[+16(1)-’52~ﬁ+o
§-8= 0

L}

This is expected since G is irrotational, i.e.
§Gedl= [(VxG)ed5= 0

Prob 3.45

9 9 9
VxT=| ox dy 0z
ax+Pz’ 3x’-yz 3xz2’- )

= (-1+y)as + 3Bz’ - 32%)a,+ (6x-ax)a:

If T isirrotational, V xT=0, i.e.
o = 1: B = Y
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VOT:

At (2.~

eT, oT, @T.

t Tt =ay+0+6xcz
¢ x cy 0Oz
1,0),

VOT=—1+0=:__=1

— e e LS

X
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CHAPTER 4

P.E.4.1
X107 5x107°((1,-37)- (2,0,4)]

(@) F= “( E) [(1-37)- 204)F
36n
-2x10”°[(1,-3,7) - (-3,0,5)]
[(1-37)- (-3.0,5)
45(-1~33)  18(4,-3,2)

Tcosh = mg

= 19372 T o9
(a) =-1004a,- 1.284a,+ l.4a. nN
. F . - -
by E-= -é =-1004a.- 1.284a,+ [4a. V/m
P.E. 4.2
F
F,
mg
At point A,
T'sin® cos30°= F, + F, cos60°
R UL
dne,d® dne,d’ "2
_ 3¢
" 8ne,d’




Hence,  tanfcos30°= e d’ mg
4
h d
But sinf = —= tanf = S =
EY g4
3
“d“(—\/z)
32 3q°
Thus, == 3
12 d’ 8ne,d°mg
3
ine,d’
or g¢°= TEy ;Zg
W - =
3
but g-= % — q’ = -g— Hence,
o - 2ne,d' mg
= ~
P-—
3
P.E. 43
-
eE=m—5

- d’x . d'y. d’z.
eE,,(—Za,+ay)=m(dt2 a+ 22 Yt a:)

where E, = 200 KV/m

d’z .

— = — z=ct+c

dtZ 2
d’x -2eE,t’

m— = -2ekE —_— X = 0 +ct+c¢
dt) 0 2m 3 4
d’ eE,t’

mz;‘= ek, — y= om + 5t + ¢,

——meme
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At 1=0, (x,y,2)=(0,00) c,=0=c,=c,

dcx dy dz
Also, (d » dt) (0,0,0)
Atr=0 —> c,=0=c;=c
E,t’
Hence, (x,y) = o (-2,1)
2m
ie. 21yl = |x|
Thus the largest horizontal distance is
80 cm= (08 m
P.E. 4.4
(a)
Consider an element of area ds of the disk.
The contrihution due to ds = pdhdp is
d ds
dE = b 82 = psz 2
dne,rt 4me,(p + A7)
The sum of the contribution along p gives zero.
P ZI' zpdpdp _ hp, I pdp
z 41‘80‘)_0 ‘_0(p2+h2)3/2 Zeop-o(p2+h2)3/2
LT PRI 129
= h d = - 2 2\-112
7 (L) ()2(2(p+h)(l)
P, h
= I-
280[ (h2¥a2)l/2]
(b) |
Asa —o ©,
E-= Zﬁ— a.
P.E. 4.5

2 2

O,= [pgds= [ [121yax ay
-2 =2

2

= 12(4) [2ydy= 192 mC

0

—ZJ'pdg— J'pdSI-Il
dner: e |r- r|






Antonio Pertence


82

P a

E =
2ne p

p

To get a,, consider the z = -/ plane.

a, = a,cos43°- a, sin43°

- %@x—a»
o 10u0”) 1
1= g7 @)

= 90n (a.- a,). Hence,

E-= E/+ Ez-*- E3

n

-2827 a, + 5655a, V/m

p=v2

-180na,+ 270na,+ 90na.- 90na,.

(a) pv=VeD=4x
pv(-1,0,3)= —4 C/m’

) 4= Q= [pvav= [ [ [4xdxdydz

=HN(INI/2)=2C

(c) 9=+4=2C

P.E. 4.7
== = 0 - P, -
D= Dy + D, = Inr? 7ar + > 9n
_ 30x107° [(04,3)- (000)] 10x107° -
= () 5 2 v
30
= 360——(043)+ 5a, nC/m’
= 5076a, +00573a. nC/m’
P.E. 4.8

—_
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P.E. 4.11
Q

V= +C
Ine

If V(0,6,-8) = V(r=10)=2
5(107)

107 °
36m )

2= _ C=-25

In(

(a)

5(107°
VA = 10—9 ( ) - 2.5
47(3N(-3,2,6)- (0.0,0)

= 3929V

(b) ;

45
S 25 = 2696V
\/

®) Vi =Vy-V,=2696-3929=-1233V

P.E. 4.12
(@)
%: IE dl= I(3x + y)dx + xdy
= [Gx ey |+ dey IZ
(b)
dy = -3dx
, |
Eedl= [(3x?+5- 3x)dx+ x(-3)dx
-w )
ol
- j(3x —6x+5)dc=8-12+10=6
W= 12n]
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P.E. 4.15
After Q,,

= - 4(9)10”°

= - 39.09-

W= Q WV, +Vuy+V)+ OV, + V) + OF,

/ -2 3 !

Ni@oD- 000 1000- 00" 1(0.0,1) - (0.0~ 1) _f

= —36(1-\/—+3) + W,

2918 nJ = -68.27 nJ

Q(1,-1,0)

Prob. 4.1
(a)
_ Fo - F -20(107" 2,1 4,0,0 2,5
Fo - 22:C0zra) | WU NE2HCHOD] |y 5555729
! _ i} 688.88
4ne "QI—I‘QI
=-5746a, - 1.642[1y +4.104a. mN
Prob 4.2
(a)

(0,0,2)

/ Q(-1,1,0)
| >

Q(0,0,0) \/

Q(1,1,0)

Q(-1,-1,0)






Antonio Pertence




Antonio Pertence


89

[(5a.+ya,)

= - PN A4
41 (107 /36m) ; '+ 257

= 18(10°)[k, as+ k,a,)

-5
ay S(y/25) s
where k& = =

* ,! (v’ + 25" \/y2+25£

-3

Y

E= -2545a,+ 1054a, mV/m

Prob. 4.8
R = _ﬂ - . — 2 2
E-= [moR,, dS=pdpdp; R=p’+h
R=-pay+ ha.

ps ((-pa,+ ha:)pdpdp

I (p2+ h2)3/2
S (0 W U T N nl
e 4n(10'9/36u) Vo oo (p2+ hz)s/z ap RARA

Prob 4.7
- pdIR o . )
_J‘-lnsuRj’ dl=dy; R=(5,00)-(0,y,0)=5a. - ya,
» S&X“Y‘_’y
E=
p/'j4n£()(y2+ 25)3/2
21107y 7 )

/
= == -0J414
J50

/ 5
where ky= ('I '(—Wafyz mg = - -

————5a:
(p2 + h2)3/2

2
n p‘dp - nh p_dp
= 45(10° [‘_I 2, 229 % ,[ 7 a7 a: ]
27 (p +h%) 2 (p +h)

— ety

i

I
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,p2+h2
kp = [ln(-—h*— +

k__"_rz_

45 _ B}
E = 7(106)[0.671ap+ 25126a.]

P

(J|l\ &-|b

7.549a,+28.27a, mV/m

(b)

x/2 x/2

¢=0 4=0

That is, we replacen /2 by /
E=45(10°)[-k,a,+ hk.a.]

= 4806a,+18 a. mV/m

Prob 4.9

2
4ne,r

1

4, V(7 h)"? T e, ;

{ne,

! | a++p’+ k
n

2, h

x dx Vx'+al x x
But [y D et €
an f ,xdx’ = - ! +C
(x"+a’) x*+a’

Let £ = 45 (10°) [;;—kp a, + %hk: a.]

4 4
)-———]Lo = In2- = - 0.068

!
L. 01338
"3

The result is the same as that in (a) except that instead of

x/2
I dy = %, we now have I singdp =-cosp | =1
0

0 .dS I
V=i es=oi dSzpdhp r=\pTi R

fab [

(p’+h’)

p=0

2 /
. In(p+p’+ hz)[::o = Zz—-[ln(a+ VP’ +h)-Inh)
0
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Prob. 4.10 (a)
(0,0,h) }{
R
’
a
p.dl "
|
[
= p,dlR h_ - -~ .‘
D = j———4nR3’ R= -aa,+ ha, |

- u"f"ad'#(—a&,ﬁ ha. ‘
dn 2, (@ +ny” ‘
Due to symmetry, the p component varies. f
. PLa@n h)a, _ _p,aha,
4n (a2 + h2)3/2 2(a2+ h2)3/2
a=2, h=3, p, = S5uC/m

Since the ring is placed in x = 0, a.becomes a,.

2(6)(5)a,

27 a9

= 064a, uC/m’

¢

(b) ".
by - 2[600-0-30] 0 [(300)-(030)
T 4x1(3,0,0)- (030 * 47 1(3,0,0)- (0.3.0)
0(330) 0(G.-3.0) 60
472(18) * 42(18)” ~ 47(18)"

D= DR+ D(_)=O ‘ '

69

47(18)2 0

0.64(10°°) +

Q= -064(4m)18°)10° =~ = -1024uC

=
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Prob. 4.11

Due to symmetry, E has only z - component given by
dE. = dE cosa

pdxdy h
dne,(xX° + Y2+ ) (2 + Y7 + B

) dne, 2 4 (xT+ yt+ B

psh I ydx 7
(x2+ hZ)(x2+ y2+ hz)//zo

ph ]1 bdx

By changing variables, we finally obtain

_ ps -1 bab -
E.= eotan (h(a +b2+h’)"2,}?:_

= 36(107°)(0.0878 radians) a, = 316/ yV/m ..

36n 36n
(-0.0216,0,00288)+(0,18,18) - 90n 0,0,

-00216a.+ 18a,- 2647a. V/m

Prob 4.12
E= E/+ E_2+ E]
9 -, Ps -
T dne,r’ art 2ne,p a°,+ 2, an
100(107"%) { (LLD - (4,13) }+‘ 2(10°%) { (1,1, - {1,0,0) e 5(107%)
10”° L1L)-(4,1-3 107 \|1,1,.h- (10,0 10'
4()I()( ) 2()1()()I ’”
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Prob 4.13

/ f
P
P‘s L+ P a

E=
2, “n 2ne ,p

‘5 = (090,0)- (3’07—1)= - 36—1: + C—z:

4307 _ 200107°)  (-3a.+a.)
"~ 2(107°/36m) ax) + 2n(107°/367) (9+ D)

ty

= 72na.+ 36(-3a, + a.)
F=gqE=-5@36)[(2n-3)a.+ a.]mN

= -0591a, -018a. N

Prob 4.14 )
D _ 24 Qk (;— rk_)
141G 7l
b _Q_{ 2[(0,0,0)- (2,2,0)] _ 2[(0,0,0)- (-2,-2,0)] N [(0,0,6)- (-2,2,0)]
4 1 1(0,0,0)0- (2,200  (0,0,0)- (-2,- 2,0)/ 1€0,0,6)- (-2,2,0))

[(0,0’6)_ (29— 290)] _

‘(0’0’6) - (2’_ 2,0)l3
5 { 2-2-26) 2226) 22-26) 2-226)
1 147 147 t 7 T e

W(-4.-12.0) uC/m’

= -1636 a-4908a, nC/m"

If

|
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Prob 4.15

Let Q, be located at the origin. At the spherical surface of radius r,

Q= §DedS= ¢ E,(42r?)

or
E-= < ~a, by Gauss's law.

dner
If a second charge Q, is placed on the spherical surface, Q, experiences a force:
: o 909 -
F=Q,FE=—""5a,

Q; 4dner

which is Columb's law.

Prob. 4.16
(2)
_ Db 98D oD
=V - X > :_ = / 3
Py oD 6x+ 6y+6z 8y+0=8y C/m
(b)
_ 10 ) 190 0
py=VeD= ;5;(P281n¢)+;£(29 cos)+ 5;(222)
= 2siny - 2sing + 4z= 4z C/m’
(©)
-1 0 2 1 7
= V = —7———(— — 12
pr=VeD= o GeosO Tne e 9
-2 1 .
= -;;cos€+ i Sim9(2s1n¢9cos¢9)- 0
Prob 4.17
(a)

o 1 - -
D=¢,(E) = 10 ”}a(xyaﬁ x’a,)

D= 884 xya.+884x’a, pC/m’

(b)
cvp. 8D, 8D 3D,

.= ] = +
Py 6x | oy e

= 884ypC/m’

t

U
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Prob 4.18

an
>
Let f(x,y)=x+2y-5, Vf=a,+2a,
S S (a.+2a,)
a" p—i s m—— - T —_ T —
(VA Js5
Since point (- 1/,0,1) is below the plane,
- (act2ay)
" Js
Bl s 6(10°) . (as+2a,)
2,  2(10°/36%) NE
= -1517 a,- 303.5a, V/m

Prob 4.19

I - I ¢ .

= —{DeEQV = dv
S| Do Ed e [1Df @V n3
2,0 = [[[(4y" + 1657y + Daxaydz
2 2 4 2 2 4 2 2 4
=4 fac [y'ay [d +16 (Ko [yay [+ [ax (@ [a
x=0  y=/ ==/ x=1 y=1 s=/ x=/ x==l x=-1

y5 4 x’ 2
LORSHORRLICIORYEE'E)

= 372 + 43556 + 45 = 852.56
Thus,

-9

10
Ws ——— S56)= 36 = 5357
5107 /361[)(852 56)= 85356 = 5357 kI
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For S, p=2,dS=pdpdzap
4 x/2
v, = [[20(z+ Dcos |_,= 2 [(z+ Dz [cospap
0 0
= H(12)(1) = 48
For A93 , 2= O’dS= pd¢dp(..&:)

2 x/2 .
vo=-[p?coss pab dp = ~[pdp [cosds
0 0
p'p
===~
For S;z=1,dS=pdydpaz, y,=+4
For S,,d=1/2, dS = dpdzaf
2 J
vi=-[lp=Dsing dodz|, = (11fpdp [(z+ Iz
0 0

P

2

For S, d=0,dS=dpde(-a,),y = [p(z+ Dsing dods| =0
YV =48-4+4-24+0=24uC

[ (U2)=-@)i2)=-24

Prob. 4.21

o
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F=eE
e Je
Py= . _R_i = I R’
3
p, O<r<R
P = 0, elsewhere

<§D.d§* j dv Se dur D.(4nr%)
D = = . = = l4
Qenc pl A RJ 3 r

_ 3er
" 12mg,R’
FoeE = e’r
ST g, R’
Prob 4,22
(a)
V=0,
For r=15m,

Oonc = Ips,df= p,,fd9= P (47R’ )
= 2(107°)4n(I’) = 81 (107%)
v=0,=2513 uC
For r=25m,

Oone = Py (47‘R/2)+ ps( 4“R22)
81(107°)+ (-9)107° (4n2?)
(8n - 64n)107°
v=0, =-17593 uC

(b)
W = Qenc’ ID‘dS: Qenc
D (4rr’)y=Q,.

- hd
T dnrt
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0.p<1, I<p<2
8(p’- 1)
ThUS, DD= ——‘2—p—-, p>2
28
Prob 4.24
()
yv=0Q, atr=2
O = [ovav = [[[2r? sind b drdb
enc I r2
=10 [ | [sinoad
r=0 ¢=0 0=0
= 10(2) (2n) (2) = (80 =) mC
Thus, y = 2513 mC
At r=6;
4 2% x
Qe = 10 [dr [dh [sino b
r=0 =0  9=0
=10 (4)(2n) (2) = 160
y = 5026 mC
(b)

Y=

enc

But y = 4D¢d5‘= D,§d.5'= D,(4nr?%)

At r=1,
) 2x x

Ounc = 10 [dr [dp [sin6 B

r=0  4=0 8=0
Q,.=10(H(2r) (2) = 40n
Thus,

A

L
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(c)
w., i -2
Lo Ipsimbdz | = 4sin30°(z|)=-+
0

q -=0 ¢=30°
- p=4

W. =4g= 16 n]

(d)
Wop=Wyut Wet W, =0-8+16=8n]

Prob. 4.27
(a)

From Ato B, dI=rda,,
90°

Wp=-0 [ 10rcosdrdd | = - 1250 nJ

0=30° A
(b)
From Ato C,d ! = dra,,
10
We=-0Q [20rsingdr | =-3750 nJ
r=5 9=30° T o
(©
FromAto D, dl= rsinbdp a,,
W =-0[0(rsine)dp = 0
(d)
Wy =Wt Wyt Wiy
where F is (10,30,60). Hence,
10 90
Wy =-0% [20rsingdr | +10 [10rcoso rab
r=5 08=30° 8=30
75 100
- 1002+ By - - 8750 g
2 2 —_—
Prob 4.28

W=qV,=qVy-V,)
= 20107 [2()(-3)- I(IX2)]= - 16 ]

r=10
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(b)
VQ=Z—L_“—

Ane, |r,- 1y

3(107)

107 -2(10%)
dne V, = +
¢ |(1’213)— (09034)I l(1’2’3)_ (_29591)|
1 2 3

OV = T TG 263

-9

0°
= 0410
" g0V, = 041

Vy = 3694 (10°) V
V= Vo=V, = 069(10°) = 694 kV

Prob 4.31
(a)

_az)
z
= -2x)(z+ 3)a. - x*(z+ 3)a,- x’ya,
At (3,4,—6), x=2,y=4, z=-6,
=~ 2)9)-3)a; - 9(-3)a, - 9(4)a.
=72a,+ 27a, - 36a. V/m

(b) .
p,=VeD= gVOE = -¢,(2y)(z+ 3)
Y= Qe = f vdV = -kolﬁy(“”dxdydz

2

-7 107
o(_+ 3) = _(

Q.= - 3095 pC

=)

!(132”3) - (3~_ 4'6)|
1 2 3

AT AN

- 2, jdx (_!yaj);!(z+ 3)dz= - 25,,(1)(1/2)(57 32)1
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2 2 0 a
(§EOdi= Iyzdxl + Ixzdyl + Iyzdr| + Ixzdyl
(b) e - A L1
= 2yl+2x] = 4-4 = 0
g 0 =
Prob. 4.34 (a)
QR
Q2
Y
V= 22 = Q
dne, r 4ne,r
60(107°°
= ( )1 = 15 kV
-9 s £
4n (10 )36n
(b)
3
V= = I5kV
drne,r
(c)
Py o
V: = = 1
j‘47te(,r dne,r ——.S_kv
Prob 4.35 (a)
For r 2 a,
O, = J‘pl,de ”Ipo(az-r")rzsinedBdtbdr

= p,)jsinea{) Id¢, j(a-”.:_’.J)dr

0 7] 7l

9)

ene
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4 4

2, p, a a C_Zp,,

7p r)al

= —-—)+C _ =
ISe,a s, 20 6 T T

V. p_(,(r;_a“’r")Jr 2, 7p,a’
e, 20 6 I15¢, 60¢,

“af

y= 0
" From rest" implies ¢, = 0= ¢,

V
At r=1t,, y=d, E=E or V==Ed.

Substituting this in (1) yields:
;. 2md
e £

60¢,

(c)
The total charge is found in part (a) as
8np,
=775
(d)
For r>a,E decays to zero with no maxima.
For r < a,
2 3
p, ar r
= e
£ e, 3 5 )
8, po @ 3 o0, . a8
dr e, 3 57 4 =73
r=07453a
Prob 4.36
d’y .. . .
m-JtT = eFE; divide bym, and integrate once, one obtains:
d Et
dy _eEt
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thatis, u o JV

or

(b)

(c)

u= k\/V

2e E

m

0—19

k=
m

2e \/2 (1.603) 1

= 5933 (10%)

1
16
u2m= 9(10 )ﬂ)_(;

9.1066 (107*")

V=

Prob 4.37

(a)

(b)

This is similar to Example

ekt
U= " %=

y

o X _1ouo?)
Cw, 10

2¢  2(176) (10")

= ]0 ns

4.3.

Since x = /0cm wheny = Jcm,

2my 2(107)

E-=

E=-1136a, kV/m

u =u, =10,
000

e’ 176(10")(107'%)

= 2557 kV

= 1136 kV/m

u = —2——(1.76)10”(10'”) = 2(10%)

Y176

u=(a.+02a,)(10°) m/s

= ——
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Prob 4.38
V- pcosb ) k cosH
dne,r r
At (0,lnm), 06=0, r=Inm, V=29,
. k(1) .
thatis, 9= a0 k=9(10""")
_1g, COsO
V= 90") ;
At (I,ynm, r=+/2 nm, 0= 45,
9(107"%)cos45° 9
V= = = 3182 V
1072 N2 T ——
Prob 4.39

The dipole is oriented along y - axis.

P o
= 4nsor2; prr=0dayea, = Qdsinbsing
_ QdsinBsing
T 4me,r?

_ ov .- 1oV. 1 oV ._
==-VV=-——a-—7Tra- ————

E or " 730 ™ rsind ¢
_Qd |2sinBsing - cosBsing - cosh -
T 4neg, r’ ar AT T

E = (2sinb sin¢ a, - cosd sin¢ a, - cos a, )

4ne, .
Prob 4.40
Y
W= OV, =0 _l _
dre,\ry- ri
-2(1)(107%) _ -18(107%)
10”° V126
47(3) (510~ D)

W= -1604
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Prob 4.41

Iy, . ] l
W= EIDoEdv: %”—IlEldv, |
0 {
E= e, r’ ar ‘|

£ o’ !
W= —2'1 ”J’m‘,——;(rzsinﬂdrdl)dtb)

321t € ;[ ) 81re a

Prob 4.42
W= —1-8 JIElzdv = i(»: “I(-'!r"sinze cos’¢ + r’cos’@cos’¢ + r’sin’ ¢)r’sin0 b dp
= 5% = 3¢ sin 0 4

2n

s,,Ir’ dr {47cos"¢d¢ ]sin’OaQ L fcos”’d)dd& ]cos 9 sinf d®
0 0 0 ]

N~

S
A

L0 i
+ |sin” ¢db IsmBaB }

0

5

r
5

1 x
+50n£

3
6
- 3.25,,[41:(“’;

)

N~ ©

2 x
ol {4(’;‘)(27')!(1-00829)d(— cos) '

3 x

)| + 21)

0 0
10
36n

=32¢,(8n) = 256

W= 07111nJ
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/ - . .
Wz—e(, I|E|‘dv = ”I(4pzz‘? sin’§ +p’z° cos 9 + p* sin’ ¢ )p dp dzdp

2 n/3 4 2 x/3

2 tloa]s dz [ sin g dy + [p'dp [z [cos? gy
€y 1 -2 0 ! -2 o
4 2 x/3
+ [p°dp [dz [sin? ¢ dg
/ -2 0

x/3 n/3

! 1 . 2n
Sut [cos odh = - j[1+ cos29]d = —+ Zsin=-= 07401

x/2 2
1 !
of sin’ ¢ dp = 30(1— €0s 24 )dp = %— ;sin’%: 0.3071
QW 4 12777 ‘19,32 64
—= 0| _|(03071)+——|——|(0.7401) + 2 [(x03071)
4 , 3) 6)

4096

i

255
255(—3—)(0.3071) + 7( 3
41767 + 239394+ 838.59 = 14956

14956 107°

2 361[) ‘
= 6.612 nJ

W=

Prob 4.43

. oV - 1oV - ov -

E=-vv=-(a,+2% 5,4+ 225 :
(apa,,+papa.+ aza_) I

E= -(2pzsinda, + pzcosa, + p’sind a.) ;'
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CHAPTER S

P.E. 5.1 dS = pddza,
2n 5 Y

— P -— -Qt 2 of = i
1= [seds °_j{)uf/m_sm bpdzddl,.; = 102)5

2n
s '[ é(z — 08 2)d$ = 2407
! 0

[=754 A
P.E.5.2

I =p,wu=05x10"x0.1x10 = 0.54 A

V=IR=10"x05x10"° = 50 MV

P.E.53 5=568x10" S/m

J  8x10°
= U = —= 5 = U. V
J=0cFE - E 5 " 38200 0138 V/m
J 8x10° »
J=pu —o Us—=——-=442x10" m/s

T, 181x10"
P. E. 5.4 The composite bar can be modeled as a parallel combination of resistors as
shown below.

Rp

For the lead, R, = d , S, =d’-n?=9-% cm?
©o,.5, ’ 4
Ry =0974 mn
For copper R. = ! S =nr’ =1 em?
pp 5 ¢ ) S C 4
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4
R = = 0.8781 mn

58x10 x %xlO”
oo BB 0974x08781
‘TR +R 0974+08781

= 461702

P.E. 55 p,,_‘=l7.axzax‘7+b

= Pe(-a,)

x=0

p’” x=0 ;_Q

P ps

x=L

O, = [ppudS = ~bA+(al’ +5) A= Aal?

d
P v =—.V‘P=——Jx—(ax2+b)=-2ax

pnl =0,

g, = Ip,,.,dv = ]‘(~2ax) Adx = - Aal’?
Hence, ’

Or =0, +0Q, =-Aal’ + Aal’ = 0
P.E. 5.6 ‘

10°
2x107°

E=Za,- a, = 500a, kV/m

-9

J)
P= E=0225-1
X, E=( )x36n

x0.5x10°a, = 6.853a uC/m’

p, = Pea =6853uC/m’

P.E.5.7 (a) Since P=¢,x.E, P, =¢,x,E,

-
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P. E. 5.8 From Example 5.8,

F= Ps S p.‘.g - 2€§F

Vv
But p,=¢,E=¢, 7" Hence

: _28,F e,V y 2Fd’
' S d’? 47 g,
i.e.
2Fd’
vV, =V, -V, =
d 1 2 8,)S
as required.
P.E. 5.9 (a) Since aq,=a,,
Dln=120x, D” =—100x+4a:, D)n =D,n=12ax
£,D !
Ey=E, —> D)= _el—h = -2—3(-10% +4a.)=—4a, +16a.

D,= D,,+ D, =~12a,-4a,+ 16a, nC/m’.

L

D, G497+ (6)
(b) tanf,= %= (4 + U6) =0359 —o 0,=1975°
D2’l 12 _

(C) Ell =E2,=E25m92=125m600=10392

9
(0) E=-—= 36;;;0 1017: (3-14)10" = Sa, - 167a, + 6.67a. Vim
(c)
D=¢¢ E-= S’P: 3‘16( ! )(3—14) nC/m’ = [397a_-46.6a + 186.3a pC/m;
e T 216\ 100 ) 17004, F 1900a '
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E, =<2E, = L 12cos60° = 24
€, 25

, 25 )
and, = —-an60’ = 433 —- 0,=77

tang, =

Note that 6, >9,.

P.E. 5.10

-9

D=¢ E=

0

10
5 (60.20,- 30)x107 = 0.531a,+ 0.177a,- 0.265a, pC/m’

-3 _

p. =D, =|D= 36+ 4+9

I= J' JedS, dS = rsinBdpdra,

2 2n 4
3
- I r’sin 9d¢dr Jousor =

r=0¢=0 0

Prob. 5.2

a 2x

p=0¢=0
Prob. 8.3
a 2x a
= Jaeds =10 [ [ dhdp = 207 [ peronap
p=0¢=0 =0

But J'xe‘”d\' =¢ —(ax - 1),
PE

- —(sin30°)’ % 2(2n)= -2n = -6.283 A

500
1= [seds = [ [ =pdbdp = 500(2na) = 1000xx16x10" = 167 = 5026 A
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20na’

I=20ne"a* (%= neray e - (1+0)=23.11a° A
a e -
Prob. 5.4
1=% —3x107%e™
dt
[(1=0) = - 0.3 mA. J(1=2.53) = -0.3 ¢ = -166 nA

Prob. 3.5 (a) VWV =-p, /e
vV = §(2W22)+§(2x2yz) =0Xxyz
p, = -8xyz(2e )= -16xyze,

(b) J=pvu=-16xy"zt:0(10J)ay

10_90.5 0.5 2 2
I= IJ°dS= -16(10%) E‘dex zdz = -16(361:)(10'5)[7{ 045}
0 0 0

I=-4361)107°X0.5)’ = - 113] mA

! 8x107 8
Prob. 5.6 (1) R=— = -2 - 3395m0
rob- SO ) R S T k10" anx 25210 75n | 2l
758
(b)y I=V/R= 9x7“= 2651 A
() P =1V =386 kW
l 4.04 nd’
Prob.5.7 (a) R= PE — 5 p=RS/I= —1-63—17—=2.855x10‘8
6=1/p=35x10 Sm (Aluminum)
10 ) o
b J=1/S=——— = 566x10°A/m’

s -6
~x90x107°
4

(A1

J=0kE=235x01616x10 = 3566x10"A/m"
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Prob. 5.8
!

cS’

R S=nr’=nd’/n.d=04mm. [=N2aR = NeD, D=635mm

- 150xn(6.5)x{0" 04

A)° =

- 04
58x10 xn LT x107°

S
N}

1 ) ) - _
Prob. 59 (a) R= pg, , S=ar =n(l5)x107 = 2251x107"

S, =n(r,” =1’y =n(4-225)x10"" = 175nx107"

P, Py 177x118x107"°
RR, S, S, 2.25nx175nx10"
= = = = = - =027
R=RIIR =27k p_,+p,,l 10 177x10" "~ 118x10° 027ma2
S, S, 1757x107° * 2257x10°"
(b V=LR=ILR, —> IR, 03209 4,959
R 1669

L+1,=119291 =60 A

I,=503A (copper), [, =97 A (steel)

_ 10x177x1078

(c) 1757210~ ='0.322m.Q
Prob. 5.10
/ h 2

R=5s° on (b’ -a’) 10°%(25- 9yxlo~ - 1m2

Prob. 5.11
| Pl=nlpl=nQd = 2ned = y ¢ E (Q=2e)

_2ned _ 2x5x107x1602x107"" x107"*

Xe -9
E
€ 19" x10’
36m

=0.000182
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Prob. 5.12

N A\
D 44, Zp,
[) - =1 - 1=/

v 1
N 9 27 -8
|Pl=—|pl=2x10""x1.8x107"" =36x10
v

P=|Pla, =36x10"a, C/m

P 36x36mx10°x10™"*

But P=y.e,E or X, =

) 10°
e, =1+y,= 10407
av

Prob. 8,13 (o) E=-VV= -—a. = 600:a.

-9
D= E-= 2.4)6 = ]2. 2
€,€, 361r( 4)600za, = 1273za, nC/m
VeD 9D. 1273 nC/m’
= [ ] = = .
Py 8y _Ln/m

by yx.=¢,-1=14

x.D

P= E=-—"
Xe€o €

14
= 5, U2732)a. = 7427, nC/m’

r

Pp=-VeP=-7427 nC/m’

Prob. 5.14

ppv:—VoP.:O

b

pp=Pea,=Jsinay

Prob. .15 (o) Apphving Coulomb’s faw.

D
r = Q -, bh<r<a
. €, dag,r-
E = D 0
P —L = -, a<r<b
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dnrp, (0.1’ x4x107°
b= er @ 107
26 X25%(0.03)°

. !
Sinee a, = 75(—3:1_r +4a, +12a,),

E=-2472a, +3295a,+9886a, V/m

Prob. 5.18

D=41[Qr2a, > E-4n£r2a,, P=y,e,E=
N r
Forr = b,
D= Qz a, y E=—2 . P=0
4nr 4ne,r
Thus.

r>0

~
-

a,, a<r<b

a =107.1a, V/m

G

It
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e,-1 Q
—~— Ta, a<r<b
P=5 ¢, 4nr
0, otherwise

Prob. 5.19 (a)

{p”, O<r<a

Py = 0, r>a
3
For r<a, ek, (4nr?)=p, 2% E, =83«£
€
V=—J‘E0dl=—p”r‘ +¢,
6¢e
3 3
FOT r>a’ 80E,(47U'2)=p0 47“1 — E, =_p2_g_2_,
3, r
p,a’
V=—ond1=—°-—+c3
3e,r
As r——w, V=0and c,=0
At r=a, V(@)= V(@)
2 2
- £ef +ey = Pod > ¢ = P2 (%e, +1)
6¢€ €, 3¢, 6¢,a
p,(2e, +1)
V r=0 = c = O r
=0) = ¢ 6¢ a
2
poa «
b) V(r=a)=
(b) V(r=a) 3.

Prob. 5.20 Since agt” =0, VeJ=0 must hold.

(a) Ve =6x’y+0-6x’y=0 — This is possible.

(b) Ve =y+(z+N) %0 ——s This is not possible.

!¢

~

(d) Ves-L(ine)=0 —  Thisis possible.

r-or

(c) VeJ= 55(33) +cosp#0 —> This is not Qossible.-

}
[
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Prob. 5.21 (a)

DX
D,
DI

D, =50e,. D, =50, — D.=20g,

D= 0442a, +0442a, +0.1768a. nC/m’

41 1710
=g, (1 4 1] 20
I 1 4]-30

D, =30¢,, D, =60c,, D.=90,

(b)

S50

D=0.2653a, +0.5305a,+0.7958a. nC/m’

Prob.5.22 (a) Ves= i—a—(—l‘qq) = _&30_

Pop P p
op 100 cp, 100
-t Ge - — :
ot ’ ’ ~ &t p
100 « 100°F 1

0 0

Prob. 5.23 (a)

= —- C/m’.s

[

(b) 1=ondS=H?pd¢dzlp=,=2—zjd¢jdz 50n = 157.

. e=mom—.

-10% " *”‘ .

I = jJ-ds - J' j'fi—# sinBdbdg), _, = (2)(5)e'"" j sin 69 j do = 40me™"0""
- ]

/]

0

At t=0.1ms, [=40rne’'=4623 A

L.
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S i 5 w4
Y .
P Irz 10°r?

At t=0.1 ms and r =2m,

p. = —i—e" = 4598 uC/m’
v 104(2).’ m
10~°
£ 3.1x 36
Prob.5.24 (a) —= IR - 2741x10" s
o 107"
10°”°
RETT
(b) == == 5.305x10" s
-9
1y
80x
3 36n
—= 7.07

T, 107°x182x10°°
£,€ e 29T _ x18.2x 0.5

107 ==

36n

N
Co

©) QQ = = eI L 01023 e 19.23%

Prob. 5.26
25x107°
5x107%x36n

£ =442 ps
g

10x107°
pw‘ = Ig: ”_x'ﬁ= 02984 C‘/l'l'l3
3' x10"x8

po=p.e' " =02984¢7 " = 01898 C/m’

!

e"'" =3
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Prob.5.27(a) E, =E, =-300a, +50a,,
D"n: Dln - SJE.?n:EIEln

2
Evy = SLE, =22 (70a.) = 4375a.
- E.‘) 4

E, = -30a, +50a, +4375a,
-9

1
D, = E,=4
2 eusr 2 x367[

-9

/
(b) [)2 = 80Xe2E2 = 3'x 367‘[

(C ) E,OG_. = E/COSG"

. 70
cosf, =
J30% + 507 + 70°

Prob. 5.28

-9

1
(a) })I = EoX,eIEI = zx 361!

(b) E,,,=—6ax, E2l =E“ =Ioax+120:

D,, = D,, — €,E,, =¢,E,,
€ 3e
or E,,=—LE, =—°(-6a,)=~4a
e, ! 4.5(»:0( ) Y

E,=10a,-4a,+12a.V/m

ang, = L VIOHIZ o
an = = = 3.
? E2n 4
] I
(c) wg =3D.E=58|E'
1 . 107°
Wy, = ';E/IE,l' = ;x3x Tom
I ) -’
w, .= 3¢ JEA = —7‘\‘4..)_\' 36m

Eln = 700:

(-30,50,4375) = -1.061a, + 1.768a,+ 1.547a. nC/ m’

= 07683 —-

(-30,50,4375) = 0.7958a, + 1.326a, + 1.161a, nC/m’

0,= 3979

(10,-6,12)= 0.1768a, - 0.1061a, + 0.2122a, nC/ m?

—5  8,=7564

(10°+6°+12°)y=02219 nJ/m’

(107~ 4"+ 12°)=03208n) /m’
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Prob. 5.31 (a)

) glass
oil

E,=2000, E,=0=Ey =E,,

D,, = D,, = D3, — €, =¢,E,, =¢;E;,

30
Ey, = “E, = 55(2000)= 7059 V/m, 8,=0"
30
Ey= - E,, = 5(2000)= 6000 V/m, 0,=0°
3 o
(b)
oil glass
9, = 750 )
1 2

Es=SLE, =3-(51763)=1827, E, -%LE,
“ 53 85 83

— E,
E,=\E, +E, =19405 0,= tan"E—“-= 84.

~

I
It
n
‘-'.a
S
1l
r0
4
'~
2
x
fo )
1]
&
=

™ ’ o
t

” n

glass air
—
2 3
glass air
2 3

E;, = 2000c0s75° = 51763, E, =2000sin75° = E,, = E,, = 193185

%(517.63) =1552.89
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10-9 by k] ~
Prob.5.32 ) p,= D, =¢,E, = o VI5°+ 8% = 04503 nC/m’
T

(b) D,=p, =-20nC

D= D,a, = (-20 nC)(-a,) = 20a, nC/m’

Prob. 5.33 (a)

36n

dr

2

r
a

-9
D, =p, =2 . 12x10 - 1200 ., >
dnac  dnx25x10
|D|= 38197 nC/m?
- (b) Using Gauss’ - law,
Q
D, anr? = 0 — D, = -,
0, 2 ° 0.955
D= dnrl S nC/m? = R nC/m?
(c) W= —1—I|D|2dv= —-—Qf—-”jirz sind B dydr = o 4n ]-—
2, 2 162° 70 ! 327,
i 144x107"
- 81?5 -~ 10'§ = 1296 uJ
7 8nx x5x107°



Antonio Pertence


129

CHAPTER 6
P.E. 6.1
2
vy--2 ., d¥__PX
€ dx’ €,
p,x’
V=-—"—+Ax+B
6sa
2
Ez_iiaxz[_eux__,,)ax
dx 2ea
If E=0at x=0, then
0=0-4 ——> A=0
If V=0 at x =a, then
3 2
0=-29 ,p y B=Pd
6ea 6¢
Thus
2
po 3 3 pox
V= a-x’), E-= a
6ea( ) 2ea *
P. Eo 6-2 VI=AIx+BI’ V2=A2x+32
Vl(x=d)=V0=A,d+B, — B/=V0—A/d
V(ix=0)=0=0+8B, —— B,=0
Viix=a)=V,(x=a) —= A +B =4
DI’I = DZ" —_— SIAI =82A2 _— A2 ='e“'1"Aj
€,

A,a-(-VO—A,d:ELaAI >

€; €2
or
— Vo A _E, 8IVo
Aj=——"——, A =4
d-a+gale, €, ¢€,d-ga+ga
Hence
-Va -Va
E =-Aa, = = E,=-A4a, = =
! T d-a+eale, : T a+e,dle,-e,ale,

P.E. 6.3 From Example 6.

3,
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V
E=-—"-a,, D=¢g,E
pd,
V,e
Py = Dy(¢p=0)=-——
Pd,

The charge on the plate ¢=0 is

0= [o.d - L i[ ’j—ld:dpz—l;’sun(b/a)

¢u :=()D=U p 0
C= ‘—Q'— = Elilné
Vo ¢, a
a 4cm
45°
a
asin 4 =2 > a= 2 = 5226 mm
sin22.5°
-9
C= 1.5x10n 5102990 _ 444 pF
361tx; 5226

Q= CV, = 444x10™" x50 = 22.2 nC

P.E. 6.4 From Example 6.4,

V,=50, ©,=m/2, 0,=45°, r=vy32+42427 =29, 6=tan'l£=§ —
V4

50In(tan 34.1°) - 50a,
= =2213V, E-= -
tan(22.5°) = V295in68.2° Intan(22.5°)
P.E. 6.5
E=-VV = —gzax —a—Va
Ox oy 7
WV,

o ! : .
S Z\M m—b[cos(nnx/b)smh (nty/b)a, + sin(nax/b)cosh(nny / bla,

(a) At (x,y) = (a, a/2),

0=682°

= 1136a, V/m i
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400
V=——(03775-0.0313+ 0.00394- 0.000584+...) = 4451 V
1 —_

E=0a,+(-11512+19.127- 39431+ 08192~ 0.1703+ 0.035 - 0.0094+...)a,

= -99.25a, V/m

(b) At (x.y) = (3a/2, a/4),

_ 400
—1[

(0.1238 + 0.00626 - 0.00383 + 0.000264+...) = 16.50 V

E=(24757 - 37358~ 0.3834-0.0369 + 0.00351 - 0.00033+...)a,
+(-66.25~- 4518+ 0.3988 + 0.03722- 0.00352 - 0.000333+...)a,

= 20.68a,-70.34a, V/m

P.E. 6.6

V(y=a)=V,sin(7rx/b) =Y c,sin(nmx/b)sinh(mma  b)

n=1

By equating coefficients, we notice that ¢, =0 for n#7. For n=7,

. . . v,
V,sin(7rx/b) = ¢, sin(7nx / b)sink(7ra/b) — o, —m
Hence
14 = Ve in(7nx/b)sinh(7ny/b

(x,y)= sinh(71ta/b)sm( nx/b)sinh(7ny/b)

P.E.6.7 Let . V(r,0,0)= R(r)F®)P($).

Substituting this in Laplace’s equation gives
<DF‘d( zdR) R® d(. dF) RF d’®
——|rr—+ —|sin0— |+ ————— =0
r?dr\ dr) r?sin6 a8 a8/ r’sin’@ do’

Dividing by RF® /r’sin’9 gives

o

sin@ d
=X

—(sinf F") = -

sin6 d 1
F & O do-

R Z(V'R')i-

0"+ 0 =0
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l1d,, A’ /

L9 (R - 2 (singF*
ey sin’®  Fsi eae(sm )=
2R+ FR"= u R

or

N

2
R+ =R-
r

r’

0 d
ﬂ;‘,—gg(smeﬁ“) AV +pu?sin’0=0

or

F'+ cotd F'+(u” - A’ cosec’®)F = 0

P.E. 6.8 (a) Tt is similar to Example 6.8(a) except that here 0 < ¢ < 2n instead of
O0<¢<n/2. Hence

lnb
V.0 y, Ing
“hmera) M R

(b) This to similar to Example 6.8(b) except that here 0 < ¢ < 2n . Hence

b 2n 2 2

fy Von(b-a’)

1218 [ Todpay - Von® =)
a0

oV o,V

J, = Obv Jzz__;,
pm; pm;
I x 2x
I= JJOdSz I{IJ,pdtﬁ)-& I J.pdh |d. [nc + 7o ]
:=0{ é=0 d=n ln—
a
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b
v, g
R: —_—= T —%
/ nl[c,+oﬁ,]
ine .
P.E.6.10 (a) C= R C, and C, are in series.
a b

107 2.5 107 33
- = / = =
C, 41tx361t 1—0—3 I_Oi 5/3pF, (, 47rx36n I_Oi 19, 719 pF
2 3 I 2
CC, SI3¥7/9
C=——"-= CIL)IGAAD = 0.53 pF
C+C, (5/3)+(719)
2ne
by C= R C, and C, are in parallel.
a b
10°° 107° 3.5
C-an [103 10, = 5/24 pF, C.,—21tx361t 10—, 0° =7/24 pF
! 3

C=Cj4+C,=05pF

P.E. 6.11 AsinExample 6.8, assuming V(p=a)=0, V(p=5b)=V,,

alnp/a’ E=—VV=—-L—a
Inb/a plnb/a ®
V21teL
= leEedS =
2 nb/ II “nbla
2nel
Q.
V  Inbl/a

P.E. 6.12 (a) C, and C- are in series.

- ~y - .
2ne, €,  2axl2.S5 10 Jneg,.e, 2nx3510°

C, = ~ = : =200pF'm, C,= =
Inc a In2:1 367 - inh ¢ in3 2 36n

= 480 pF/ m
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_C/Cy,  200x480
C,+Cy  200+480
C,=Cl= 141 nF

= 14112 pF

(b) Cy and C, are in parallel.

C=C/+C, = =
° Inb/a Inb/a Inb/a In3/7 36=n

C, = Cl= 152 nF

P. E. 6.13 Instead of Eq. (6.31), we now have

V=- erz:’j IQO‘Zr =- Q Inb/a
; dmer 5 g 220 2 40ne,
r
40 10”°
-—Q--—~———-1.13

P.E. 6.14 Let
F=F+F,+F+F +F;

where F, i=12,..5 areshownon inthe figure below.

-9
e €y, TEaE, _M(E, tE0)E, 6T 107 1517 pF /m

L

0’ +Q‘1(a,sin30”+a) cos30”)  Q°(a,cos30” +a,sin30")

+

,
QO a,

F=- ; 3 - 5
g, r° 4neg,(rcos30")" ne, (2r)"

Q" (a, cos30” —a, sin30")

dne, r-

47e,(rcos30”)°
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At P(1,2,-5),

E=120a,+120a,- 12a, V/m

v v v

vy = ot e =0+12xz+0
X z

p, = —sOV"V =—12xz¢,

At P,

L4

-9
p, =60e, =60x 19
36n

= 5305 pC/m’

Prob. 6.2

X -9

a? e, 10°/36n

Vv
%—_-_3;‘24»,4 — V=-x'+Ax+B

-50=-1+A+B ——> A+B=-49

30=-64+4A4+B —— 4A+B=114

Thus, A =354.33 and B=-103.33

l 5V3 43-5
= 9x107" ax[.’- :[ +a, ‘/; = 82.57a, + 2169a, uN
L -
|F|= 8537 uN
Prob. 6.1
E=-VV= —Z—:ax —%ay *%zza: = —6y::a', - 12xyza, «6xy"a:

——— = e
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V=-x+5433x-1033

V(2) = -8 + 108.66 — 103.3 = -2.667

Prob. 6.3 (a)

2 —
V=P y 4V A ka k=P
€, dx* de, de,,
dav 2 3 2
E=-kx 12+kdx+ A —— V=-kx/6+kdx’/2+ Ax+ B

When x=0, V=0 —%» 0=B
When x=d, V=V,, —s V,=-kd’/6+kd’/2+ 4d
ie. A=V, /d-kd’/3

3 2
V=~P_ox_+9_»§_+[ﬁ_gﬁ)x
6de, ¢, d 3¢

o

av p:c2 Px V, p,d
T (mo e, d 3, )"

(b) px=Dn=BOEn=eoE.an

At x=0, a,=ay, p,=

At x=d, ay=-ay, p,=-p,d/2+p,d+e,V,/d-p,d/3

gV, pod
= —
Ps d 6

Prob.64 If V'’ =f
y= jf(x)dx+c,
0

XA
V= J.If(p)dpa')\+c,x+c_,
00

Vix=0)=VF, =c, — =V
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3

. 1_0_( a-’ij+ia-’Vj L&
p.’ a¢2 a-?

= —I-i(pzsin¢)—isin¢+0 = —E—sin¢+4——:—sin¢ =4
dp p P p '

(c) V=30r?cose,

1 0
v? V=—7——( —60r~! cos®) + 5
r r‘sin

9 (-sin030r sin6) = g—gcose -
00 r

Prob. 6.8 If

2 2 2
> “V 14
V'V.—.a ~ +_Q_’2/ 0 5 =0
ox” (54
then
sy v v & ev) & ( arN & ( av)
O=-—|—+—=+—=|==|"= ﬁ'q}+ﬂ,k*,J
cx\ é&x- &y ozt o\ x/ &yt N ox/ o ozt cx

i.e. No.
d) v, =0+ 1051n¢ 0 5in6cos6) - 1051n?sxn¢
r?sin@ r
_lOsin¢(cosze-—sin26)_105in65in¢ 105m¢ 305m95m¢
r?sin@ r! r?sin@ rt
i.e. No.
Prob. 6.7 (a)
2 2 2
vy = Q_K+§_V 6 __a__(_je—Sx cosl3ysinhl2z)+.,,= 25V — 169V + 144V =0
o’ &'
® v¥-= ii(_ zcos'b) _zoos ,_zeosy _zcost
p op P “p P o

r”sinf

(2sinBc¢os0) =0

T e
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2 2 2
0=25E+ 25+ 2, =V,
S fo =<

Py

ie. VE_=0.

X

The same holds for E, and E,.

Prob. 6.9
oV . v .
Y (- Ansinnx + Bncosnx)(Ce™ + De™)
x
av 2 2po: - oy 5
o =(-An° cosnx - n° Bsinnx)}(Ce™ + De™) = ~n“V
%
oV . ., i
— = (Acosnx + Bsinnx)(nCe™ —nDe™ ™)
2
Zy_;z/ =n’V
Thus
v
V= Y PN -n2V+n’V=(=)

vy = 4yz-6yz+0=-2yz
VvV #0, V does not satisfy Laplace’s equation.

(b)
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111 ’2 22
0= [o.av= j”(zyze)dxdyd:=25(/))7|0’“71,,’=e/2=28(,/2=e,,

000

Q =8.854 pC
Prob. 6.11
V~’V=:f,/ =0 —— V=Az+B
When z=0, V=0 B=0
When z=d, V =V, Vo=Ad or A=Vyd
Hence,
Vz
V==
d
E=-VV = —d—Va. = —Qa.
dz - d -
D=¢E =-¢g,¢, l/dia: »

Since Vo=50V and d=2mm, -~ =

V=25;kV, E=-25a,kV/m

-9

(1.5)25x10°a, = -332a. nC/m?

- ]
T 36n

p,=D,=1332nC/m>%

The surface charge density is po on the plate at z=d and negative on the plate at

z=0.

Prob. 6.12 From Example 6.8, solving V2V =0 when ¥ = ¥(p) leads to

_V,Inp/a
Inb/a
4 v,
E=-VW=-—t g  DegE=-—250 o
plné/a plnb/a

L
Py “plnbia

p=ah
In this case. V,=100 V., b=Smm. a=15mm. €, =2. Hence at p = 10mm,

r

I

R e e e
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. 100In10/5

nis/s 82V
100
= 0x10 I3 % = 2102,

-9

10 )
D=-9102x10"x 6. 24, = ~161a, nC/my’

T

10~ 10°

= = ——=32 / m?

p,(p = Imm) I6n (2)5ln3 322 nC/m
107 10°

= 15mm) = - =-107.3 nC/m’

pup = 15mm)= -2 n(2) 75 5=_107nC/m
Prob. 6.13
v’ =ii(pa—yj=0 — V=Alnp+B
pdp\ Op

Let p beincm.
Vip=2)=60 ——> 60=AIn2+B
Vip=6)=-20 ——> -20=AIn6+8

Thus, A =-72.82, B=110.47, and

V =11047-72.82np

10°°

D=¢,E = 18.21a, = 0.161a, nC/ m’
36

n

Prob. 6.14

ki

VV=0 — V=-A/r+B
At r=0.5. V=-50 — -50=-A/0.5 +B

Or
-50=-2A+B (hH
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At r=1, V=50 _ 50=-A+B (2)
From (1) and (2), A =100, B =150, and

=19 5o
r

A 100
E=-VV=-—a =-—a V/m
r r

Prob. 6.15 From Example 6.4,
v, ln( tanO/ZJ
B tan@, /2
h\(tanO,/Z)
tan@,/2
V,=100, 6,=30°, 6,=120°, r=v3+0"+4>=5O=tan'p/z=tan"' 3/4=3687°
| ﬂ( tan[8.435")
tan/5°
=117

V=100 ,
r{tan60") —_
tanl5°

<

. -V,a, ) - 100a, )
S tanf,/2) S5sin36.87°In6.464
rsinf 1

-17.86a, V/m

tanf,/2

L4

Prob. 6.16 (a)

V"V:—I—i(pg—,i) =0 ——> V=Alnp+B

pop\ Jp

Vip=b)=0 —> 0=Alb+B —> B=-Alnb

Vip=b)y=V, —— V,=Alna/lb —s A=- Yo
Inb/a
V
s telnble
Inb/a Inb/a
In2

<

124

=13 = =
(p Smm) 701n50 124V
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(b) As the electron decelerates, potential energy gained = K.E. loss

e , 2
470 ~ /2.4].—_%»:[(10 Y -u') — 10" - =576
m

2x16x107"

w = 10" -
9.0x1073!

x576 =10"2(100 - 2025)

u=2893x10" mi/s

Prob. 6.17 (a) For the parallel-plate capacitor,

4
E= —jar

From Example 6.11,
1 PSR I O _ € o, €S
=5 [elE d= s J'ad—zdv_dzsd_ ;

]

(b) For the cylindrical capacitor,

v,

4]

plnb/a i
From Example 6.8,

b
? 2nel Idp_ 2nel
p Inb/a

) €
C == ||| ——2—pdpdd: =
v? ”J‘(plnb/a)z pdbdz (inb/a)’

o a

(¢ )For the spherical capacitor,

4

0 ‘

T G
r<(l/a-1/b)

From Example 6.10,

1 eV)? . € bdr 4ne

c:-j ————"—rzsmededrd¢=———41tj———=
v; ”r‘(l/a-1/b)2 (17a-1/6) dr? 11
a b

Prob. 6.18 This is similar to case 1 of Example 6.5.
X=cx+c,. Y=cyy+c,
But  xv=0 — 0=c., vy=0 —s o =¢,

Hence.
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Vix,)=XY=a,xy, a,=cic;
Also, V(xy=¥9=20 —— 20= fa, —> a,=5

Thus,
F(x,y)=5xy and E =-VV =-5ya, -Sxa,

At (xy) =(1,2),

V=10V, E=-10a,-5a, V/m

Prob. 6.19 (a) Asin Example 6.5, X(x)= Asin(nnx/b)
For Y,
Y(y) = ¢, cosh(nny/b) + c, sinh(nny / b)

Y(@)=0 —— 0=c,;cosh(nma/b) +c,sinh(mal/b) —— ¢, = —c, tanh(nna/ b)

V= Z a, sin(nnx / b)[sinh(mry/ b) — tanh(nra / b) cosh(nmy / b)]

n=/

V(x,y=0)=V, =) a,tanh(nma/b)sinh(rmx/b)
n=/
b 4, _
—a, tanh(nmna/b) = % IV" sin(nmy / b)dy ={ n = odd
a 0, n=even

Hence, p

k-

4V,
y=-20 i
" Z sin(nmnx /b)[

n=odd

sin(nmy / b) _ cosh(nmy/b)
ntanh(nna/b) n

W, < sin(mx/b) ¢ .
- Z [sm(nny/b)cosh(mta/b)— cosh(nmy / b)sinh(nma /b)]

o~ nsinh(nna/b)

W, i sin(zmx / b)sinh{nx (a - y)/b)
-7 nsinh(nna/b)

T n=odd

Alternatively, for Y

Y(y) =c¢;sinhna(y~c,)/b
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Y(a)=0 —— 0=c¢;sinh[nn(a-c,)/b] —

V= Z b, sin(nmx / b) sinh[nm(y —a)/ b]
n=/

where
4V,
b,=1 nnsinh(nta/b)’
0, n= even

n=odd

v, i sin(nmy / a)sinhnnx / a]

4
Vix.y) = e
(xy)=— nsinh(rmb / a)

n=o0dd

(b) This is the same as Example 6.5 except that we exchange y and x. Hence

(c) This is the same as part (a) except that we must exchange x and y Yence

4V, & siu(nny/b)sinh[nr(a- x)/b]

Vix,y)= —= ).

S nsinh(nna/b)

V(x,y)=. sin(nmx /b){a, sinh(nmy / b) + b, cosh(nmy / b))

n=/

At y=0, V=V,
4—V’, n=odd
bt nn
Vi=) bysin(nnx/b) —> b, =
n=1 0, n=even

At y=a, V=V,

V, =Y sin(nmx/b)a, sinh(rma/b) +b, cosh(rma /b))
n=1

4qv.
—2  p=odd
nm

a, sinh(nma/b) +b, cosh(nma/b) =
0, n=even

or

‘ 4V,

—————=—ou(V, =V, cosh(mma/b)), n=odd
msinh(ana / b)

‘ 0, n=even
1

Prob. 6.20 (a) X(x) is the same as in Example 6.5. Hence
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Alternatively, we may apply superposition principle. |

v, Vs 0
y
A
T ¥ ¥ Y
0 0 00
o J \V V % v vV o
> ‘ A + | B
| 3 > —>
X \ \ :
V/
0 v, .
ie. V=V, ,+V, y
Va is exactly the same as Example 6.5 with ¥, =v,, while Vg is exactly the same as ’
Prob. 6.19(a). Hence !
_ 4 ¢ _sin(mx/b) ¢ . |
= 2 rsinh(mar gyl S @- y)/b)+ V, sinh(rn y/b)] ;
(b) j[
V(x,y) =(a,e”™ +aye*™)a; sinay +a, cosay) i
lim V(x,y)=0 —— a,=0
Vix,y=0)=0 ——> a,=0
Vix,y=a)=0 —— a=nn/a, n=123,..
Hence, "

V(x,y)= Z a,e”"™ " sin(nmy / a)

n=1
® v, odd y
V(x=0y)=V,= ) a,sin(myla) —> a,={ m "
n=! 0, n = even :
W, <~ sin(my/a :
V(x,y)= —2= Z —(-y—)-exp(—mtx/a)
T n=odd

(d) The problem is easily solved using superposition theorem, as illustrated below. ;
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V.

v, N
’
X
A V, + Vs A
.+_
Viu -

Ve

al

0
Therefore,

where

s

. nsinh(nna/b)

v s Z‘: sin(nmx / a) sinh(nmy / a)
" nsinh(nmb / a)

T -odd

Wy & sin(nnx / b)sinh(nny / b)
Vi = “_[‘3‘ Z

neodd nsinh(nna/ b)

y _ 4y i sin(nmy / a) sinh{nn(b - x) ./ a)
we nsinh(nnh / a)

T n=odd

Vs
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Prob. 6.21

2
VJ;/:l_a_(pa_l/_)+._l_’_a_‘::0
pdp\" ép) p° o¢°

If we let ¥ (p,9) = R(p)D($),

33(pk')+i,1e®"=o
p Cp p°
or
p 0 o
EZ(pR)y=-—=1
Rap(p ) Y
Hence
O"+AD =0
wad
2 or)-2R
op p
or
R"+—1i-5§=0
P p
Prob. 6.22
Vsziz-i(r"a—V:)+ 21 —a—(sin9§£)=0
r‘or\  0or/ r‘sin6 90 00

If V(r,8)=R(r)F(®), r=o

Fi(rzk')+-,ﬁ—i(sinep)=o
dr sin8 49

Dividing through by RF gives

1d, , I d .
— = (r’R)=~——— " (sinOF") = A
Rd (r k) FsinGdB(Sln )

Hence,
SiNOF"'+¢cosOF ' +AFsin® =0
or

F +cot8F +AF =0
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h—x TG 2nao

G =1/R=2nac

Alternatively, for an isolated sphere, C = 4nea.
re=% ., gr-_!
G 4nac
)
R'=2R= or G =2nac
2nac

But

Prob. 6.26 [=1.5mm, S=3x4 + 1x4 +3x4 =28 cm?

A L — Y
S 6S  58x107x28x107 T ===
Prob. 6.27
€S Cd 2x107°x107°°
C: —_— w—— = = 7
d €., 4x107 /36n
Prob. 6.28
A
fl e |,
d ’ C3 q
C2
\4
From the figure above,
= &g2_+cj
C +G,
where
C = e,A/2 _ &i C, = e“e,A‘ C, = €,A
d:2 d d 2d

m? = 0.5655 cm?

| L
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Prob. 6.31 7

|
'
=2 \ oV

Let zbe in cm
——5=0 —> V=Az+ B

When z=-2, V=0 —_—p 0=-2A+B or B=2A

50

When z=2, V =200 200 =2A +2A —> A
———
V =50z + 100

(a) V(z=0)=100V

(b) E=-VV=-4a,=-50a.V/cm =-5a.kV/m
p,=D,=¢FE, =¢cEea;

At the upper plate (z=2), a,=-a,

-9

i
p, = 5000c ¢, = 5000x2.25x =

b4
=995 nC/m?’

At the lower plate (z=-2),a,=+ 3,
p,=-99.5 nC/m?

— 4l
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Prob. 6.32 (a)

80x107~°

O egS 107
7 56x

(b)

C= IQ — V =Q/C

= 619 pF

361 64x10~  AZPY

E=-VV=-3a,-4a,+12a.kV/m —o |E|=V3+4+12°=13kV/m

P, =D, =¢|E]|

Since the entire E is normal to each conducting plate.

Q=p5=¢|ES

d__|Eld 13x10°x064x10” )

V,=Q/C=¢,|ES-

Prob. 6.33 (a)

4
c. A

4nx2.25x 10

e S

o~r

~9

36n

€

Y I

1

a b 5x107 10x107?

(b) Q=CV,=25

0 25x80

x80 pC

= ar? ™ 4nx25x107*

Prob. 6.34 (a)
VWV=0 —>
When r=20cm, V=0

When r=30cm, V=50

30
V=-—4+150V
r

A

~
<

4.86

56

r

= 25 pF

pC/m’ = 63.66 nC/m>

A
V=-—+B

—>

—

30

r

0=-A/0.2 +B or B=5A

50=-A/0.3 +5A or A=30, B=150

E=-VV=-—u=-—a V/m
y

I
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30x3.1 107 08223 )
D=¢eg EF=-—5—x a=-——>—a nC/m"
°ve re 36n r- 7

(b) p,=D,=Doea,
On r=30cm, a,=-a,

08223 ) )
py= 03° nC/m”=9.1737 nC/m

On r=20cm, a,=+a,

08223
Pi=-—55 nC/m’=-20.56 nC/m’
()
LA S
b_02 03
R: C;nc = 4nx10_12 = 1326 G-Q
Prob. 6.35
p
I 1 1 1]
= T4 T 4+ —
¢ C G
. 4ae dne, 4ne
where (,=1 } SR C, = )

| |
|

C

C;
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I l/c-1/d l/b—l/c+1/a—1/b
_— = +
C

Prob. 6.36
dne

Since b —» o,
-9

10
C=dnae g, = 4nx5x1072 x80x 5= 444 pF

3 —_———

Prob. 6.37

4ne  4nx5.9x107° /367
) - 2185 pF

T 1T (1 n_. .,
a b 2—5x10

C

Prob. 6.38
-9

10 Py
i 2ne, L i 2nx 36 x100x10
T In(b/a) In(600 / 20)

= 1633x107"

50x107™"
V=Q/C= 16332105 = 3062 V

Prob.639 V=Ve " where T,=RC=10x10% 100 x 10° = 1000

50=100e"" —o5 @ 2=¢"T

t=1000In2=693.1s
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Prob. 6.40
RC=C/G=¢/c —_ G=—

) no
~ cosh™'(d/ 2a)

Q
> a

Prob. 6.41 E=
dner:

r

W—~js|E| dv = Hj32 SoarTaer sinddbdydr

_ ¢ E’L_Q_(I 1)
T 321 Qan)!rf 8ne b

_Qb-0)
© 8nehe

= - [Eedr= - [Pe pdjl d — e P dinGes ay,

,,e,,d+
2d Ve,
Vospdin—e — Zalo
o =PIy 2 T s
P, v,
E:—— =--——
e T T -y ™

Prob. 6.42 (a) Method 1: E= p—‘(—ax), where p, is to be determined.
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Method 2: We solve Laplace’s equation

eV,

A Ced T dIn2

v vy d dv 0 dv y
[} = -— —_— ) = _ g —=
(eVV) dx(edx) e

dl"’_ﬁ_ Ad G

dc ¢ e (x+d) x+d

V=clIn(x+d)+c,
Vix=0)=0 —> 0O=c¢/Ind+c, —> «¢,=-¢lInd
Vix=d)=V, —-> V =c/In2d-c/Ind=c,In2
‘7 n2

y_oxtd Y, xtd

ST T2 4

A

ST T T e d)in2
b P Ne E (x+d ) eV, g, xV,

= —_ = — — = - —2 2
(®) = De, d c+d)in2% " T d(x+dyln2 %
(c) ‘

p/‘\‘u:u: p.(_ar)|r:’l:0
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8 !)SV()
dln2

) Q= [pds=p.5-=

Q ¢S 107 200x10”*
C: —_— = = - 2
V" dIn2 " 367 25x10 o - 102 PF
Prob. 6.43 Method 1: Using Gauss’s law,
= = _ D:
Q ID- dS = 4nrD, - L
_ .9
E=D/e-= it
0 0
V_ - - — - -
[Eedi=-- E”k!dr ol Gal)
4ne k
Co _Q_: ne,
vVl b-a

Method 2: Using the inhomogeneous Laplace’s equation,

d i(sok 2@) =

VeEV=0 —> rdr\ 7" dr

kiK-A' -C!K-A V=Ar+B
£, - — - AorV=dr
Vir=a)=0 —% 0=A4a+B —-> B=-Aa

V
Vr=b)=V, —> V,=db+B=Ab-a) —> A=
av

=-—a = -Aq = - —2
E dr T ha®

_p - vV, 8"k|
ps n b_a r? r=ab

Vek ee 1, . Ve k

Q= J‘prdS-— s Hr,r sinddddp = - b—a4n

Q) 4ne k
(‘: _ =
I b-a

o
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Prob. 6.44 Method 1: We use Laplace’s equation for inhomogeneous medium.

RPRPRET N
[ ] = = —/ &= - =

p dp

d( e,,de)
—Ip —1 =0
a\" p dp

0
av dv
Eok—&;:A' — -;p—=A or V=Ap+B
Vp=a)=0 —-> 0=Aa+B —- B=-Aa
V.
Vip=b)=V, —> V,=A4b+B=A(b-a) —- A=b°a
av f
E=-g;ap=—Aap-—b_aap
p,=D,=¢E,
On p=b, a,=-a,
V() 8()k
Pe= o’ ds = pdydz

0= [pas= || ., % pd¢>d2=27tLbV" ek

h-u -du

4
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Prob. 6.47

4nC 3nC  3nC 4nC

BN
w
N9

(a) Qi=-(3nC-4nC) = InC
(b) The force of attraction between the charges and the plates is

F=Fpy+F o+ Fy+ By,

F___L"S,_ 2 A2 16 - 525N
1= dnxl07°/36n12° 32 4=
Prob. 6.48
Ql ('39254) QZ (1;095)
2 t I 3
Z:
) ;
Ql('3’290) ’ 'QZ (isoa'l)
O 1D -(=324)  (x,3.9)-(=320) |
D5 12F [1(x,y,z) —(3240 (o) - (-3.20) |

L2 ) -(09)  (xy,2)-(00) |
106y, 2= (05 ((x,3,2) - (10,1)F |

_sof (x+3,y-2,2-4) _ (x+3,y-2,2)
T 4n x4+ 32+ (=27 + -9 |(x+3)2 +(y-2)2 +27[

L0[  G-hpa=%)  (x=lyz+])
=07 +y? + (=517 (x=D? +y? +(z+ )P

(a) At (X,y,Z) = (7,_2’2)’

N 2
P e 0T+ 21 207 (10° + 42 +2°)7

_0{ -3 3

S ]C/m
J'IL(6"+4'+3")' (6 +4° +3)






Antonio Pertence


163

Prob. 6.51 (a)

EefE +p - PL [ﬂ _ fﬂi)z 16x10° | (2=2.3)-(G=24)  (2-2.3)-(3,=2-9)
YT 2re,\py pr) 2mx1070 7367 1(2,-2,3) - (3.=20F  (2:-2.3)-(3,-2-N
-10,1) (-1,07
=l8x16[( P )_( 7 )Jz-138.2a,—184.3a},V/m

(b) p, =D,

( A Gy J _16x107 ] (5,-20)-(3-24) _ (5,-6,0)~(3,-2,~0)
2 [15,-20)-3,=20"  1(5.:-6.0)-(3,-2-4)°

_ :’L[ (20,~4) (20,4

nC/m? = -1018a. nC/m?
nl 20 20 :

p,=-1018 nC/m’

Prob. 6.52

y=2 y=4 y=8 y=-4 y=0 y=2 y=4 y=8

<

At P(0,0,0), E=0 since E does not exist for y<2.

At Q(-4,6,2), y=6 and

P, 10”°
2 "7 2x107 /367

(-30a, + 20a, + 20a, +_30ay) = 2262a,kV/m

|
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P.E. 7.1

a¢=a,x

P.E. 7.2

(@) H=

P.E.7.3
(a)

at_ -

CHAPTER 7

a,

2

p = 5,cosa, = 0,cosa, = /=

27

-a -a -a,—a
— X Yy -— y
ap "( )xaz—

V2

10 [ [2 -a,+a,
H3'4n(5)[ 27'()]( 2

2 (1+ 3
42\ V13

X

N

) = -3003a,+ 30.6a, mA/m

12
(b) p= V3% + 4 =5,a2=0,cosa,=-*‘

5

3a,-4a.| 4a, +3a.
a,=a, =T

)a, - 01458 A/m

13’

13 5

2 ( 12)(4axf+'3a;')
1+ o

H= 4r(5)

=4897a, + 36.73a. mA/m

From Example 7.3,
_ Ia’
= 2+ 22)3/3 a.

At (0,0.1), z=2cm,

50x 107 x 25x 10

-4

25+ 27y x 10

=400.2a, A/m

(:a:

261r(

A/m

45x + 3az)
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(b) At (0,0,10cm), z=9cm,

_90x 107 x25x 107
A5+ 9107 %

= 57.3a, mA/m

P.E. 74

NI
H= Z(coseg - cose,)a__ =
= %(cosez - cosG,)az

2x 107 x 50x 107 (cosh , - cosh , )a.
2x 075

075

(a) At(0,0,0), 6 = 90°, cosh, = - =
vO0.75° + 0.05°

=0.9978

100
= ——(0.9978 -
75 (09978 I)a,

I

6.52a A/m

4

(b) At (0,0,0.75), 8, = 90° cos , = -0.9978 6

100
= -1.—5(0+ 0.9978)11z

=66.52a, A/m

S
(c) At(0,0,0.5), cosf, = =———=—=1= -0.995

0.5’ + 0.05°
0.25

cosf, = —‘m = 0.9806
¢ . + U.

100
H = —(0.9806 + 0.995)a,

=131.7a, A/m

P.E.7.5
H = ik xa,
2

i
(@  H(©000)=50a.x (-a,) = 25a, mA/m

1
(by H(15-3)= 550a_. xa,=-25a, mA/m
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s = Xy, k = kya,
R = (—x«,—)’, h)v
kxR =(ha, +xal)ky,

ky(ha, +xa,)éxdy Kk ha, ]' I oxdy k,a, 77 xCxdy
R} b ] j = hl hl hl -{/ + hd Al Al j,v
(X" +y° +h‘)/~’ i Sw(xT+y +h)y2 Tn cr-x(X"+y +h)"?

The integrand in the last term is zero because it is an odd function of x.

2 ox pddap k.h2rna_ % j(p 7)% &p?)
voto (07 + ) 2

_kyha[ -1 ] K,
2 et eny2)”

-'2_' z
Similarly, for point (0,0,-h), H = - jkyax

Hence,

Ek’a' ) =0

Prob. 7.1
(a) See text
(b) LetH=H,+H,

I
For H,=—2 ol p=\/(—3)2+42 =5
n

(-3a, +4ay) _ (3ay -4a.)
5 B 5

a, =-a,x

20
2= 723) (4a, +3a,) =0.5093a, +0.382a,

I [ 2.2
For Hy=%a¢,p= (-3 +5 =‘/_37

(-3a, +3a,) 3a,-S5a,
x -

a, =a,. =
o V34 V34

Y234

(-da, +3a,)=-0234a_~ 0.1404a,
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H=H, +H,
=0.2753a, + 0.382a, + 0. 1404a, A/m

Prob. 7.2

b
I
o
a
oy
K
X y

!
H= m(cosa >~ cosa )a,

2 2 a b
P=4X +Yy ,COS(!I="————,COS(12=
2 2 2 2
b +p

a‘+p

a,=a,xa, =a,xa, i.ea,is regular a, . Hence,

_ / a
4an2+y2+b2 Jx2+y2+a2

H a,
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Prob. 7.3
I
a2 6A
p
p
B > X
0o ap -, -
— I —
H = —(cosa, -cosa, )a,
4rp
a, =135°, a, =45°, f——z-
- ___ [-a,+a, L—a,) 1110 _
a,=aq,xa,= \/.2_ X =5_1_1 O=a,
— 6 3
H = cos45° —cosl35° k@, =—a
- p.-2a
47:—
2

H (0,0,0) = 0.954a, A/m
Prob.7.4

A

2

) 4A
P
p
0 > X
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(d) H=35la +17a, mA / m’
Prob. 7.6
ZAC(0,0.5)
>
ay
a3
X A2,0,0) B (1,1,0)
(a) Consider the figure above.

ie.

(b)

AB = (1,1,0)-(2,0,0) = (-1,1,0)
AC = (0,0,5)-(2,0,0) = (-2,0,5)
AB-AC = 2, i.e AB and AC are not perpendicular.

AB-AC 2 2
= |AB"AC| = \/_2_\/5 —> cosa, = —-\/2—_9
BC = (0,0,5)-(~1,-1,5) = (-1,-1,5)

BA = (1,-1,0)
cosq. = BC-BA _ -1+l _
* [BqBA|  |BC|BA]
BC=p5=(-1,-15), p=+27
s - - (-1,1,0)x (-1-15) _ (55.2)

a, = a
S N N

— 10 2 1(5,5,2) 5  (55,2)

H, = 0+\[: 222 = A A/m
’ 4m/ﬁ( 29] V27 27429 27

= 27.37a, + 27.37a, +10.95@, mA/m

cos (1 80° —q, )

H =H +H,+H, = (0.-59.1,0) + (27.37.27.37.10.95)
+ (~30.63.30.63.0)

= -326a, -1.1a, +10.95a. mA/m
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Prob. 7.7

—[———(coson2 ~cosa, Ja,

Qa3






Antonio Pertence




Antonio Pertence

Antonio Pertence


175

H = 4H,, where

I
H, =
np
p:
o L
" 4mp

20

a

,
347421 _mfz_lj :

q 10 [ 8 OJ_ 2a,-8a, a,+2a,
. _ _0lg x [
’ 47z\/2_0 \/8—4 ) \/—2_6 zrs/ﬁ
— 10 4 -Sa
H, = 0+ —-a xa,) = =
! 4m/§( @)( @) 720
ﬁ—( 1 —5)5+[]—10)5+(
347[«/5 71'\/% ‘ zr«/ﬁ zr\/‘6§ f
= -0.3457a, - 0.31655}, + 0.1798a, A/m
Prob. 7.10 y
v 1
|
—>
Y X
F

H, is due to side 1.

T(cosa , = COsal ,)a,

o, =45,

[ 4

- o — —
a, a,=135° a,=ax-a, =a,

(1+1) 21
——+—=|a, = a
2 V2)7 T qra2 ¢
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Prob. 7.14
— — p NI
B = H= =~
“O L
-3 -2
N - Bl _ 5><107 x3x10 : 2984
pel 4 x107" x400x 10"
N =~ 30 turns.
Prob. 7.15

(a)

R e e e T o el e o, JE Ny

lﬁ' = gl(cos 0, —cos®,)

)

cos0, = -cosf, = —L=——

2 12 )%
ety
-2
i - 1nl2 . 0.5x1350:</22x10 .~ 69.63 A/m
2 )/z 2x1073 x /4% +10? =
2(a +/4
(b) -
o o
0 a_4 0
@ =90°, tan®, = — = — =02 - @, =11.31]
b 20
A = W ooso, = 0X05 1131 = 3677 A/m.
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Prob. 7.16
Let H =H,+H, X
H=-——3,
2np
p =(4,3,2)-(1,-2,2) = (1,5,0),
a, +5a, _  _
= , a,=a,
p \/Z—b_ J

es]

I

p = o]

v2b ) 2b

2
H +H, = -1.923a, -0.3346a, A/m

- - _ _ ([a,+35a a,-5a

-5a, +a
20"( a*b a’) = -1.9234, +0.38463,

kxa, = %(100x10’3)52 x (a,) = -0.05a,

‘

oP(4,3.2)

V2b

S
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(b) FromProb.7.15,

I’DZ, p<a
| 2ma
H, = |
e >a
2mp P
At (0,1¢m.0),

3x1x107? 300

* 2rx4x107™! 87
H = 11943, A/m

At (0, 4 cm, 0),
N 3 _ 300

H¢ - -2
2rx4x10 87
H = 11.94a, A/m

Prob. 7.19

YA
4 <
6 9 39
(@ T=V.-H=|x & oz Y A
y (—X 0
J=-23&, A/m’ 0 T
by dHdl =1, 1 >
= [ids = [ J: (- 2)dxdy = (-2)3X5) = -30A
Adl = [ya| f Cx)a,,+ [yad
+ [ = (-1)3) + (-3X5) + (4X-3)

= -30A
Thus. q’ﬁ.di = 1. = —30A
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Prob. 7.20
9 9 9
(@) J =VxH =] & dy oz
yz(x2+y2) -y xz -4x7y’|

(b)

(c)

J =42002 -22a, +99a, A/m’

L= [7-as = [f(8x?y + " Hyde]

x=-~1

- fdzf(Sy—yz)dz=2[-+y2 -X;)

( 6——-) = 5333A
3

2

0

B=uH, V.B=0 - ¥

V-H = -a-Hx+—~E Hy+£H, = 2xy —2yxz = 0
ox dy oz

Hence V-B=0

Prob. 7.21

(a)

y7
=203, At (-3,4,5), p=5
i ( ). p

= Arx1077 x2 _

-7
- 0 2 p 2]} = 16x107 In3
o2 P

= 1.756 uWh.
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Prob. 7.22
- 2 600 10°
v = IB.ds = u, f:o Lo—;)—sm 20 pdgdz
2 50"
v =4rx10” x106(0.2)(— cos ¢)
2 0
= 0.047 (1-cos100")
= 0.1475 Wb
Prob. 7.23

Let H = H,+H,

where H, and H, are due to the wires centered at x = 0 and x = 10cm respectively.

(@) ForH,,p=50cm, a,=a xa,=a,xa, =a,

= 5 — 50

H =
' 2nl5x107? ia’

[}

n

ﬁ=2ﬁ|=1—095y
T
= 31.433, A/m
(b) Forfl,a - a x| 22t _ 2,3
orH, a, = a,x =
v V5 V5

= -3.1833, +6.3663,

. 5 -3, +23,
' 2n55 %1072 J5 -

ForH,,a,=-2a,xa = a

X

IJ:I
]
2|
I

159243

H = H, +H,

=12.79a +6.366a A/m
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1 0 1 ¢
L 9% (B )= —~21(0)=0
Y -

v 0
B can be E - field in a charge - free region.

1

(¢c) V-C = —4r’sin@ # 0
r-
vx C = ,1 —a—(rzsinze);t 0
r sin @ Or

C is neither or E nor H field.

Prob. 7.27
(@ V-D=0
9 9 9
VxH =| oy 0z
uwlz 2(x+1yz -(x+1)z°
=2x+l)ya, +...#0
D is a magnetostatic field.
() V-E =
VxE=%cosHﬁp+ 0
PO
E can be a magnetostatic field
(c) V-F=0
VxF = l[ —a-—(r’l sin @ )+ 251?6]”0 0
ri or r
F can be a magnetostatic field
Prob. 7.28
9 9 A
(a B=VxA = ox oy oz

2x’y+yz xy' —xz' —6xy+2z’y’

B = (—6xz+47°y +2xz°)a, + (y+4yzﬁ\ + (y3 -z -2x° —ZF, Wb/m*
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) w=[B-ds, dS=dydzdx

f=0 f:o (— 6xz + 42)” - ZXY)d}' dz

V/ = x=|
= I£(~6z)dydz + 4_[1: Z’ydyd: + QJ"[ ydyd:
= —8f zdzfdy + 4f z* dzf y dy
2 2 3 2 2 2 64
=-8%2) @) +42] | Y] | = -3+ 2
24, 3,12, 3
v = —10.67 Wb
E can be a magnetost atic field.
S OA, 9
(c) V-A=0A + L+ A, = 4xy+2xy —6xy = 0
Xz
VB =-6z+322+1+62-32-1 = ¢
Prob. 7.29
B=VxA= 10y 0. =
p 0 op
15 , . o -
=—p—e cosda,+15¢’singa,
=(, T a3 1 _ a3 1
B{3,—,-10| = Se —Eap+15e ——2—a0
Y 7
H = B 1_9.23-3(.1.5‘,4.5‘)
, 4n ﬁ 3
H = (143, +423,)-10' A/m

y = J‘ﬁ.dg = ”%e""cosq)pdd)dz

=152)) (-sin¢)%e” = 1506 =  y = —1.011Wb
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Prob. 7.30 |

Applying Ampere's law gives /

H"} ' 2ﬂ'p = TU ’ ]z.pl

2 !
But B, = VxA = -2z i‘
op ° !
o1, .
op 2% 'I
r,p’°
Az = - H, 4p i
or _=-l—,uz'p25 I
4 o 0 z ‘.
Prob. 7.31

= L, 0 Ly,p’

A4 =—"—=Ix"+y)a, = ———""—a
47ta2( y,) : dma® ° A
n A onop— I !
B = VxA = py— a, = uH H
.= lLp _ I,{x?+y? _ f
ie. H = a, = ———a |
2ma® * 2na’ ’ i
By Ampere's law, c{ﬁ.di =1, |
2 ;

H, 220 = 1,- 2
a

or H = i‘@ﬁ |

2ma’ * ‘
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Prob. 7.34
H=-W, > V, = - [A-d
— la*  _
From Example 7.3, H = - a,
2\ +a’ )?
2 3 ) -1 2
vV, = —liIZQ2+aZ)/2dz = 2 +e
2 zizz +32 iZ

As z— o, V_= 0, ie.

0= —_I_+c - c:l
2
Hence,
v =1 1——2_}
2 vzt +a?
Prob. 7.35

For the outer conductor,
I

I
J = - = - = —
: ;z@ ~5?) 716 -9)? Tma’

Let A = A, 3a,. UsingPoisson's equation,
vaZ = _#OJZ ‘
1 5( 5A:J A
p 9\ 3 Ta’x
0 %)
or _(p A:) - mlp
ap ap Tma
Integrating once,
a 2
e Az = Iuolp2 +c1
Op 14ma
or GA: = Holp + &

ep 4ma® p
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Integrating again,
I 2
A, = HlP
28ma
But A, = 0 when p =3a.

+ ¢, Inp +c,

9
0=—ul +c In3a +c,
287[/1" | 2

9
¢, =-c,In3a - —p I
: : 287"

2
ie. A, = Al p—z—a + C, L2
287\ a 3a

But VxA =B =pyH

op 4ma®  p

Prob. 7.36

|

-vv, (T=0)

T
i

But

_ 1
VxA = A a, = —[-———”0 L4 C—‘)zy

At p =3a, jﬁ.di =1 - _i(3a)H, =

or H¢ = —1—
6ma
Thus VXKI,,=3. = u,H (p = 3a)implies that
A R A
14m 3a 6ra
I
or ¢, = Al Sl 16p,l
2r  l4rx 14
Thus,

]

T ——
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V
L2“1w=——l—a"'z_1 —»sz—L¢+C
2np p op ° 27
At(10,60°.7) 6 =60°=%, V. =0 0=-—.7% ¢
3 2r 3
or C:i
6
| /
= - — + —
m 2”¢ 6
At (4,30°,-2) ¢ =30°=2,
vm=_L.ﬁ+l 112
2r 6 6 12 12

Prob. 7.37

For an infinite current sheet,

H=—-Kxa, = =50a,x a, = 25a,

2 2

But H=-VV,(7=0)
253, = _ OV a, > V, =-25x+c

At theorigin, x=0, V, = 0, c=0, ie.
V, = —25x

(@) At (-2,0,5), V, =50A.

(b) At (10,3,1), V, =-250A.

e
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CHAPTER 8

P.E. 8.1

ou = -

(@ F=m—=0QF=6a:N
~ ot
ou - 0

b _:6 = . LU, =

(b) Py a Py (u, U, u,)
all’—()—»uI:A
ot
ou
—*=0—>u,=8B
ot
M: o 6>u =61+C
ot :

Since u(t=0)=0, A=B=C=0
u=0=u, u,=6t
u—=0—->x=4

ot

oy
u—=0—>y=~8
Yot Y

u,—g%=6t—>z=3t2+cl
At t=0, (x,y,2) =(0,0,00 > A;=0=B;=C,

Hence , (x,y,2) = (0,0,3t),

t=2s

(c) u=6ta, =12a,m/s.
_dU _

-5—6@”/32

d) K.E= -12-m|c7|2 - -;-(1)(144) =72J

a

P.E. 8.2
(a) ma = euxB = (eBouy, -eB,ux, 0)

dr* m dt dt

u = 6ta, at any time. AtP(0,0,12), z=12=3 — t=2s
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2
dy _ eBods__ dx N
dr m dt dr
d’z dz

:O;:}——-:C 3
dr’ d )
From (1) and (2),

51_3_5_ ‘d y_ ’dx

dr’ dr dr

(D* + W’ D)x = 0 — Dx = (0, £jw)x

X = C3 + C3COSWt +C4Sinwt

dy 1d’x :
—= —— = —-C3WCOSI'WI —C4wSsin wt
da  wdr

At t=0, 4 =(a,0,8). Hence,

a
¢ =p,c;=0,ci=—
w

dx dy . z
— =QCOSWl,—= = —asinwt,— = f3
dt dt dt

(b) Solving these yields

a . a

x=—sinwt,y=—coswt,z= [

w w
2

(©) X + y = g— , Z=Pt
P.E.83

E=uB=8x10°x0.5x10%=4kV/m
(b) Yes, since QuB = QE holds for any Q and m.
P.E. 8.4

By Newton's 3 law, F, = F,,, the force on the infinitely long wire is:
_p 0 Lb |

showing that the partlcles move along a helix of radius % placed along the z-axis.

(a) From Example 8.3, QuB = QE regardless of the sign of the charge.
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=47zx10—7x50x3(l l)ﬁp:S&p N ‘

27 —2_—5

P.E.8.5 v |

76 —
m:zsa,,:muo*xso%—:‘l

=7.143 x 107 (2, 6, -3)

=(1.4294, +4.2864, —2.1434,) x 10> A-m’

P.E. 8.6
10x10™%x50]2 6 -3
7%x10 6 4 5

(b)  |f|=isBsino—> |1| =1IsB |

A= 50’;(1)0_2 l6G, +4a, +5a,| = 0.4387 |~

or |7} = |7 x B| =|-0.30554, +0.0764, +0.30554,| = 0.4387 Nm !

P.E. 8.7 ‘

(a) u,=i=46,xm=/1,—1=§_

H, =

— B -3 _y

® A=2-19197%¢" i 4/m =1730e73, A/m

4 4rx107 x4.6 —
() M=y, H=6228¢" A/m
P.E. 8.8 i

3a, +4a i

a, = 5 |
- - 6 +32)6a, +8a ’
B =(B ed 5 = o t32N0a: +84,) I

" 1000

=0228a, +0.3044, = B,, |

B, = (B, B,)=~0.128a, +0.0964, +0.24,

]

B, =YL B, =108, =-128a, +096a, +2a.
H
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P.E.8.11 From Example 8.11,

a l+a
L=Lin+Lex= #01 ‘uol{ln-b-_l ]—i;b-}
87 T a l1+a
P.E. 8.12

L’ext=L"-L’in=12-0.05= 115 yH/m

b) L= —"i’—’-[—l—ﬂnd_a:'
21 4 a

' -6
d a=27d _0.25=27t><l.2><]0 ~0.5

a H, 4mx107’
=6-0.25=5.75

In

d-a
a

=e’” =314.19

-3
d—-a=314.19a =314.19xg—'§§-—8—;—19—— = 406.6mm

d =407.9mm = 40.79cm

P.E. 8.13

This is similar to Example 8.13. In this case, however, h=0 so that
u,l ab ..

BT

— ;uu[la: .‘)ﬂb — #n”llaz

-~

4b° 2b

el

1

B
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m _ %  H,a __47rxlO_7x;rx4
v 1, b 2x3
=2.632 uH
P.E. 8.14
Lo = Hoy_H27p, _ 4mx107 x10x10”
mn 8” 8” 4
=31.42 nH
P.E. 8.15

(a) From Example 7.6,

B =N _ pNI
"L 2mp,
¢=B § OS:M.MZ
27p,
20,6  2x10x1072x0.5x107°

T udN 4rx107 x10 x10°

Alternatively, using circuit approach
ro L _2mp, _ 2mp,

uS oS
5o PR _ 208

N N’
R < 2P _ _2x10x107

2 = —— = 1.591x10°
pHa®  Arx107" x10°

I=¢R =0.5x10"x1.591x10°=7.955x10°

I= —1‘:7 = 7954 as obtained before.

(b)  If p=500p,,

_BAWS (1.5 x10x10™ 22500
2u, 2xdxx107 8r

as obtained before.

= 895.25N
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At t=0,
x=0 — ¢,=0
y=0 — ¢5=5
z=0 — c,=0

Hence,
(x, y, z) = (0,5 -5cos 2t, 5sin 2t)

At t=0,
(x, y, z) = (0,5-5cos4,5sin 4)

= (0,8.268,—3.724)
u = (0,10sin 4,10cos 4) = (0, - 7.568, - 6.536)
KE = %m[ﬁ]z = %(]OOSinZ 4+100cos? 4)
=50J

ll

Prob. 8.3
@  F=md=QE+iuxB)

u, u, u

g;(ux,uy,u,) = 2[-— 4d, + 5" 0’ 0’ :,= -8a, +10u,d, —10u a,
ie. d;‘; =0—>u, =4 )
du,

= —8+10u, Q)
du .
dtz =-10u, o 3)
dzuy di

=0+10% - _1004
dt Y

12
U, +100u, =0 — u, = B cos10¢ + B,sin10¢
From (2),
10u, =8+u, =8-10B,sin10f +10B,cos10¢
u,=0.8-Bsin10t +B,cos10t

At1=0. @ =0 4,=0,8 =0,8, = -0.8
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At t=0, uy =u,, u, =0 > A = u,, B=0

Hence,

dx u, .
U, =UCOSWI=— — x = ——2sinwl +,
o dt W !

. dy -u,
U, =—U,SMWl =~~~ — y=
‘ dt w
Att=0,x=0=y — ¢;=0, cz— % . Hence,

u() M uo
x=——sinwf,y =—(1-cos wt)
w w
u’ u, Y u
[ . 4
~T(cosz wt+sm2wt)=(—"~J = x’ +(y-—")‘ l
w w

showing that the electron would move in a circle centered at (0, 3 ) But since the field !

does not exist throughout the circular region, the electron passes through a semi-circle

and leaves the field horizontally. |

(b) d = twice the radius of the semi-circle

_ 2u, _2u,m
w B !
Prob.8.6 F= [ldIxR

If=dx5x><§ + I_[leyayxg + I[=§1X5x xB+1

+ I{deyﬁy xB

a xB : 0 0 3za_—9ya

a = = —-3za_,—9ya
X 6x —9x 3z y 7V

- 0 1 0 _ _

axB = = 3za, —6xa, !
Y 6x -9x 3z ,

F = If dx( 3fa ~9yaz},_? + Ir dy(3t§x —6xﬁz)x=3 l
: I.

+IJ)1 dx( 34a -9ya, )-0 + I_cdy(3ta —6x3a )Z f
=1(-18-18+36+6), = 6la,
= 6x5a, = 30a, N i
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F, =-3.28a, +0.964, mN/m

(attractive due to L, and repulsive due to L)

Prob. 8.9
W=-[Fedl F=[Ldl x B=32d,)xcos 9, a

3¢
=6cos 4/ a,mN
,_—271 d _ ) d o
W= J6cos/3podd— 6x3smAl omJ
=-1ssin33’-’- = .15.59mJ

Prob. 8.10

4

ﬂ"l 12 j [d +dza ]xa‘

“01 12 j —dpi, - dza, |

But p = z+2, dz=dp

F = i‘ﬁﬂ(sxz) J p[dpa, ~dzd) |

p=4

2In%/, (@, ~a,)uN =1.3864, - 1.386a,uN

F = “"2” j[d* —dzd, |

()

Butz=-p+6,dz=-dp

~ 47r><107

Fy = (sxz)[ ~|dpa, - aza |
p6p

s/ (G +a - G 5

_ln/6(a:+ap);1N 0.8109d, - 0.8109a, uN

F=F+F+F

=0.5751d, -0.8109a, uN

=1.3863a.+1.3864, - 1.3863a, - 0.8109a, -0.8109q.

ki
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Let B =B, +B,+B,+B,
where B, = M’—’—Ey
2mp

For (1), d, =G xd,)d. x(-d,) = d, ,

- 4nx10"x2000x100 .
B, = a, =2a,
27x20x1073

For (2), /=63, -2a,,

. (6a,-2a,) (-2a,-6d,)
WITET e T o
é =47:><|0"><2000><100
2 27 % 400x 107

(-2d, -6d,)

=-0.2d, -0.6G,
For (3), p=6a, +6a,,
. _(6d,+6a,) (-6d,+6a,)
=dad X =
oAn V72
_ 4z %107 x2000x100

2rx720x1073
-0.33334, +0.33333,

For (4), G, = -d,xd, = a,,

-7
47zx10 ><2000_;<100 - 0.66674,
27 x60x10

B’=(2+/ / /)a+(/ /)a

=2.1333a, -0.2667a, Wb/m?

‘Ql

i

(-6a, +6a,)

w

Lo

Prob. 8.14

T=mB=NISB=1000x2x10°x300x 10°x 0.4

= 240uNm

Prob. 8.15

B= 53(2c0566, +sinéa,)

~

At(10,0,0).1=10:6 =743 =a,a, = -a,

—_=. — =
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476.7 kA/m

Prob. 8.18 @ vy, =4-1=35
b A=B-. N ’_‘,'O . 707.3ya, A/m
4 4rx107" x4.5
(c) M=y H =2476ya, kA/m
o d d
d 7 =VxM=|x & oz |= dx
0 0 M,(®y)
= 24763 kA/m’
Prob. 8.19
Forcasel,
B, 2
H = _I'i = 1200
po= o L1 1323
u, 600 47x10
v, = 4, —1=13253
M, = v H, = 1,590,366
For case 2,
B, 14
H = H_z = m
R L L AN} TS,
4, 400 47x10
w, = u —1=27842
M=y H =1113,630
AM = M, - M, = 476,680

l

S e
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Prob.823 (a) B, =B, =153,
ﬁIt = ﬁll - Et— = EZ—L
H, H,
B, = 248, = 2% (107, -203,) = 253, - 503,
M 24,
Hence,
B, =25a,+15a, -50a, mWb/m*
. BZ 2 2 2 -6
® w,-l'B.H-B _ (257 +15% +50 ):10
2 24, 2x2x4rx10
W, = 666.5 J/m’
2 2 2 2 -6
w, = B _ (102 +15% + 20 )x710 577
2u, 2x5x4rx10° =
le = 1 o o
Prob. 8.24 (a) Wml = EB H] = Eﬂoﬂ'lHl 'Hl’ pr::l
W, = %x47rx10”x1(16+9+1)
A =16.34 4/ m’
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Hyea, (44+39)135
H, J4588

cosf, = -01044 —> 0,=96"

Prob. 8.25

He=5 He=10
an12
®

Let H,=(H,,H,,H,)

(H, - H,,<d,, =k
where f(x, z)= 52 - 4x = 0 and

. Vf _ 44, -53,
2 = IV fl \/:‘—1

S, - 1 [25-H, -30-H, 45-H,
(Hl—Hz)xamz::/z—T 4 0 ’ _s

J—[150+5 18(3—4H,,120+4Hy]= k =353,

Equating components,
G, 150+5H,=0->H,=-30

a,: 300-4H_ -5H_ =35—>4H_+5H_ =270
a,: 120+4H, =0> H, =-30

| Also, B, = B,, > uH,, = o,

(4,0,9) (4,0,5)
5#,,(2,_30,45) ZIO:U:)(HUH\‘H:)
val ' vdl

—

—_—

-
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100 — 225 = 68H, — 10H,

= 10H, - 8(54-0.8H,) —»» H,=33.96

and Hy = 54 - 0.8 H, = 26.83

Thus,
H, =26.83d, -30a, +33.96d, A/m
Prob. 8.26
A, =-3a,=H, =10, +15a,
H, = H, =104, +154,
7, H g I =~ -
H,, =L H, = —(-3a,)=-0.015a,
2n /12 in 200( az) a,
H, =104, +154,-0.015a,
B, = u,H, = 200x 47 x1077(10,15,0.015)
B, =2.51a, +3.77a, - 0.0037, mWb/m’
tana = Bon
2
or a=tan"' __00037 _ _ 0.047°
V2.512 +3.772
Prob. 8.27

@ H =%Exan = %(30-40)&, x(-d,)=-5d, A/m

B=yp,H =4rx107(-53,) = =6.28a u Wb/m?

()  A=1/(-30-40)a, =-35a, A/m

B=u,uH =47x107(-354,) = -110a, u Wb/m’
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(©  H=}(-30+40)a, =53,

B = y,H =6.283d, 1 Wb/m? I

Prob.8.28 i, =y, +1=20

o = 1 ;
W, = 2B, = Sl Al
- %p(sz‘yzz2 +100x%y‘z” +225x 7y z* )
|
W, = ijdv

%p[zsﬁ x‘dxf yzdyfl z’dz + lOOJ: xzdxf y‘dyfl z'dz

= + 225£x2dxf yzdyf] zdz] ,

_ 25,’1 xsll y3|2 23,2 . 4x‘3"l 4233_2
2 5|03,03|—l 30503—1

2—5x47tx10'7 x20x———3600 .
2 45

W, =25.13mJ | .

Prob. 8.29 [
(@ B=70+(210)*=44.17Wb/m?

_ B __4417x10° o
u,H  4rx107 x210 ==

£

H,
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y 16nx107° N
B, =—=————=885mWb/
*7 S T 142x4x10" UL
Prob. 8.40
FoBS v o 4x107
2, 24,8 2x4xx107 x0.3x107*
Prob. 8.41
(@ F=NI=200x107x750=150A..
-3
=10 330
H,S  25x107°p,
__ 4 _ 27 x0.1 _ =20 x 107
H 1S 41, x300x25x10
v = S _ : 150 = 20x10’
R,+R 10'(3.183+20)
o BS_ v 41861x107"
2u, 24,8 2x4rx1077 x25x10°°
=6.66 mN

3 150
C If —)00, =0’ =—i=——__
©) e N & YT

v,  2x107x5x107 x150
F,=0Ldl,eB =14, =
B T e T S 183 %107 x 25¢10°°

F,=1.885 nN ‘

Prob. 8.42
=
o -3 _ 23 3
Vi 3R, 3R, T
3-9 ‘//*2 W+ ¥ 3(//12 3

I
v
o
o
“

|
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CHAPTER 9
P.E.9.1
(@) V. = [luxB)- ol =uBl =8(0.5)0.1)= 0.4 V
V
b) 1=-2=9%_20 ma
R 20 =

(©) F,=1IxB=02(0.1a,x-05a,)=~a, mN

(d P=FU=I’R=8 mW

Vew (o 4)
R 20

or mWw

lIW

P.E.9.2
@ V= [luxB)a

0.03

V.= J.(;x E)-ai = —67cos(1007) mV

emf T
0

At t= Ims,

Vemf

" = 607 cosl 007:1} mA

—-67cosO.1r =

VC

1=

At t=3ms, 1--—607:0030 37:--:0 1108 A

(b) Method 1:

where B, =0.02, p, =0.04, z, =0.03

=w1+77

Y =-B, p, z coswt

0“0

.

emf -

ct

= B() pll:H COS “'r - Bﬂpl’z“[ Sln “l’

where B = Bn;; =B, (sin ¢aj + cos¢a_o ) , B, =0.05

(ux B)-1 = - pwB, sin oz = 0.27 siny(wr + %)9, :

Y = j'E ol = IBot(cos ¢a_¢ —sin ¢a_¢)- apaz;; = —pjlj.Bt singdpdz = -B, p,z,tsin ¢
00
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Method 2:

oB

14

At t= Ims,

= (0.02)(0.04)0.03)cos wr — wr sin wr]

= 24[cos wt — wit sin wt]yV

Vs = —I%?od& + [Gx Bydl
B = B, = B,(cosgi, ~sind,).¢ = wi + 7/
m = B,(cosda,, —sin ¢a,)

Note that only explicit dependence of B on time is accounted for, i.e. we make ¢
= constant because it is transformer (stati~nary) emf. Thus,

Pos 0
oy =B, Ij(coseﬁ,, —singa, )dpdza, + I— P, WB,t cosgdz

0 0 zo

= B,p,z,(sing + wtcos@),p = wt +%

= B,p,z,(coswt + wtsinwt) as obtained earlier.

Vs = 24[cos18° ~1007 x 107 sin18° |V

~

X

=20.5uV
At t=3ms, ‘
i = 240[cos54° —.0375in54° JmA
=-41.92mA
P.E.93
4 Z_Nl "!K,Vz ="N2ﬂ//‘
dt dt
VoM, Ny 300120
Vi N, N, 500 —
P.E. 9.4
(a) j‘, = GP =-20we, sin(wr —50x)a, 4/ m’
cl
- eH. . : e
(b) VeH=J, > -—%a, =-20wg,sin(wr ~50x)a,
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or H= 20528" cos(wr —50x)a,

=0.4we, cos(wr —50x)d. A/m

OH OF. .

(c) VxE = THy == > ——=a, =0.4u,we,sin(wl - 50x)a.
or ox :
uZ
1000 =0.4,6,w =0.4—
)
orw=15 x 10" rad/s
P.E. 9.5
2 2
S 1+ | 22450 ,
a 3 ———J =—jl | o (V.4143.13°
@ 2-j) " | zlaese | TV )
=0.24 +j0.32
(b)  6430°+ j5-3+¢* =5.196+ j3+ j5-3+0.7071(1 + )
=2.903 +8.707
P.E. 9.6
P =2sin(10¢ + x - 7/)G, =2cos(10t+x—-”/4—% ,, w=10
- Re(zef(x-3%)ayejwl) =R’(1_'§sejw)
i(x=31/) .
ie. P =2¢”" /“)ay
0 =R(0.e™)= R (e @, - &) inny
=sinzy cos(wf + x)(a@, — a,)
P.E. 9.7
oH = 1 9 : 10
~U—=VxE= —(E,sinb)a, -——(rE.)G
“ ot * rsiné 66( s5in0a, rar(r +)%
2
= hco,sacos(wt -pra, —ﬁsin9sin(wr - pra,
r- r
- 2
H = "COS,Q sin(wt - fr)a, + ﬁsin Ocos(wr - fr)a,
wr- wr

=3
11
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4

w 6x10’
=—= =0.2 rad/m |
d 3108 = ' l
~ 107 . ; . 107 ) -
H= 37 cos@sin(6x10" —0.2r)a, + 3 sinfcos(6x10" —0.2r)a,
r- r
P.E. 9.8
8
3¢ 210 5 846x10° radss
F Jue 0
E= l".Vx}f{al,——* ——6—cos(wt—3y)'a', i
£ we
B -6 .
= 9% 10° 10_9 cos(wt —3y)a, )
-~ (5 {
Jio " 36 ii

E=- 476,8cos(2.846x 10% -3y)a, V/m ,

Prob. 9.1
V:—g—v—/-z—i IB.dS:——a——B—.S
ot ot ot

= 3770 sin377t x 1(0.2)* x 107

=0.4738 sin377t V
< _ - - _ d _ [
Prob. 9.2 Vg = I(ux B)-dl, dl =dpa,, u= pg? = pwa, '
uxB = pwa, xB,a, = B,pwa,
Pt 1
Vew = | Bopwa,-dpa, = B,w=— = —Bwl’ !
0
Vemf = lB(’Wl2 !'
2 (
I'
Prob. 9.3 !
poo A o jB o ds = -NBS Y2
Ct dt

=-NBSW =-50x0.06x0.3x0.4 =54V






Antonio Pertence


226

Prob. 9.7 This is similar to Prob. 9.6. Assume loop is of width z.

Hlz, pta
2r yo,
[/;”u,:_a_v/:__a_y{..gz_ullnp+a oy
ot oz ot 2r p
47 %107 60

=~—————x15x3In—=-9.888uV
27 20

Thus the induced emf = 9.888uV, point A at higher potential.
Prob. 9.8

GB

w == f5 edS + [(iix B)edl

where B = B, coswtd, i = u,coswld,dl = dzd,

vV, = ] IB wsin widydz — IB u, cos’ widz

emf
=0 y=-a

= Bowl(y+a)sinwt — Bou,lcos’wt

Alternatively,
Iy
v = Iéﬁdf I I ocoswta, e dydza, = By(y+a)lcoswt
z=0 y=-a
oy . dy
emf o ,(y +a)lwsinwt - B, - [cosw

d u, .
But —X-zuzuacoswt——)y=—"-smwt
dr ‘ w

Vems = Bowl(y+a)sinwt — Bouol_coszwt

= B,ouolsin®wt + Bowalsinwt — B,u,lcos®wt
= -Bouelcos2wt + Bowalsinwt

=6 x 107 x 5[10 x 10sin10t — 2c0s20t]

Vems = 3sinl0t — 0.06c0s20t V

I
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Prob. 9.9 u
B
B
> u e
juxB = uBICosH
(20"10 )43x10"Xl6)Cos65°
=2.293Cos65° Q__:z mV
Prob. 9.10 - Vi
E
B A I
Y A VA NI
-V +
cj'EOdi.:—-‘—i- BedS
dr
=[(R; +Ry)
%é-s I(R, +R,) (1)
dB
Also, Eedl =V. <V, =———e8§ 2
JE Y =-— )
Hence, ¥, = IR, = - Sk,__ 4B
R, +R, dr
R,
V,=-IR, = SR, dB
° R +R, ar
-3
x=wx02x150n51n1:0m 0.0628sin 15077
D
-3
y - 210x10 0.2x 1507 sin 1507z = —0.0314sin 1507
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Prob. 9.11

dy =0.63-0.45=0.18, dt = 0.02

Prob. 9.12

V= I(Exé)odi, where # = pawa,, B= B,a,
A~

= [pwB,cn= wf 2(p"2 - p%)

]

V_@?i e107°(100-4)e10™ =4.32 mV

oo
=

Prob. 9.13
V,
Jy =joD, >|J,| _ =weE, =mej—

_107 27x20x10°x50

T 36x 02x107°
=277.8 A/m?
I,=J, S-IOOO 2.8x10™* =77.78 mA
3.6 —_—
Prob. 9.14 Jo _OE _o
J; weE  owe
-3
() - 200 — = 0.444x10”°
27Lx109x81x
36m
©) =P = 555

Using Lenz’s law, the direction of the induced current is counterclockwise.
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2x107°

() == - =7.2x10"*
O mx10%x5x
6n
Prob. 9.15 J_SE _5 _ .
J; wef o
~d o 20
o= = an N - - - S
10e 20ne 20 10
36
f=36 GHz
Prob. 9.16
J:: = '[_c' =gF - F = _{c_
¢ oS
J, = josE > |J,| = weE = wel
oS
109x4.6><10-9 x0.2x107
Vel = 6/36” ——Alm
25)(10 )(10)(10' ‘
Prob. 9.17

(a) V°Es='0%,Vo[?I=O

V)( E: =j-a)lu[:[’,Vx ﬁ; =(O'._ja)€)és

(b) Veb=p, -, 00 _
ox % oz

VeB=( Q_Bii y a_Bi_»_zo
ox oz
VXE:—QQ .a_E_._:._a_E_{____ai
o 5}’ Oz ot
OE, OE, _ 0B,
0z Ox ot
aEV_?i__f_l_;i
ox v or
- OH
veg-j- L M T, D

cr cy Cz Yo

(D

()

4)
)

(6)
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oD
OH, OH._, 0D,
oz ox Yoo ot
oH, OH, aD,
&x ot
Prob. 9.18
If J=0=p,,then VeB=0
VeD=p,
VxE'=-a—B
ot
vxi=j+P
ot

Since VeVx 4 =0 for any vector field A4,

VOVxl-'f:m?-VOB 0
ot

v.vxﬁ=_2v.5=o
ot

showing that (1) and (2) are incorporated in (3) and (4). Thus Maxwell’s equations can be

reduced to (3) and (4), i.e.
VxE =—g§,Vx[:[ =__5_D_
ot ot
Prob. 9.19
-ap" =VoJ=VocE=o'Vo—l-)-=gpv
ot £ €
Hence,
%, o©
ot * £ p, =0
Prob. 9.20
VxE = —QB;

ct

) o

VeVxE = —-f—VxB =-u—VxH=-u—
ct ct

| But

CxVrE = V(Ve EY-V-E

ct

(7

(8)

(D
(2)

Q)
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(V3]
N

(d) VeD=

! . .0,
sin(or - 5r)—(in“8) 20
r?sin@ ( )69( )

VxD = —%ii 1 9 (rD9 )a, = —[-sm 8(-3)sin(w? - 3r)a, =0
ro

No, D isnotan EM field.

Prob. 9.26  From Maxwell’s equations,
6B

VxE=-=
X o (1)
VxH = ]+§-D- 2)
ot
Dotting both sides of (2) with £ gives:
Ee(VxH)=Ee J+£‘-%? (3)

But for any arbitrasy vectors 4 and B,
Ve(AxB)=Be(Vx A)—Ae(VxB)
Applying this on the left-hand side of (3) by letting 4 =53 and B = £, we get

- - - - s - o = =

He 'Y =Fe —(De

| (VxE)+Ve(HxE)=E J+}éa:w E) @)
From (1),

He(VxE)=Heo|-— Be
«(VxE)= ( J y2 = (Be )
Substituting this in (4) gives:
3,z - N NP,
Y2 BeH)-~ = I/ —(De
Aa:(B H) Vo(ExH)—JoE+Aat(D E)
Rearranging terms and then taking the volume integral of both sides:

[e(Ex s ==2 14 [(Ee D+ H o Byv— [T o Edv

J(ExAyeds =-S2- [7o Ear

or %v— = —?‘(Ex H)yeds - ;[E o Jdv as require_df

Prob.9.27  VxH=J+J,

J=0E =0 infree space.

CIGH, CH,U TéH, cH T ; 6H,
J,=VxH= -——a,- —-"Fa-- —(pH - —=>la,
P co €z _ ¢z cp p_cp co |




ra
(93]

p

J, = 3cosp cos4x0°ta.

¢D oE !
d=“('37=80—67 — =;‘:J‘Jddt
3 cosp . 6
c =I0° sindx/0°ta. = ot 10"
' x
36n

E = 84.82cos¢ sin4x10°ta, kV/m

Prob. 9.28 Using Maxwell’s equations,

0E
VxH=GE+£—3t (6 =0) _
But
) 61-[ ld
VxH = - -
xH sinb 6 ¢ + (rH )a, =

_ 12sind

B sin(2xx/0%t- Brdta,

[

12sinf | ‘
= - oer Bsin(t-prya,, o =2axl0°
Prob. 9.29
1 Lo, 5 -
V><1"5=——(,DE) ;=——(p +e?a,
p op p Op
=(2-pye*a,

3B

/| d . :
=0+ —{-a—(.’p’cow)- pcos |cos4x/0%ta. = iz'—(4cos¢ -pcos¢)cos4xI0%t
p p

5-cos¢ sin4x/0%ta.

= eiijHdt

12sin8

7l
‘a.'

- N |
& oYxE—sB=- J'vxEd,=J'(/’ e
ct vV

Integrating by parts vields

B=(~(p-2ue’" + 'f(p -2)e ¥ 'drla.

du

B sin(2xx10%¢ - Br)a,
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(d)
1897 - 100°
(376 £90°N9A34L - 122°)

= 003492 - 68°

Prob. 9.32 (a) sinf = cos(f - 90°)
E=4cos(ot-3x-10°)a, - Scos(at+ 3x-70%)a,
= Re [Je/(-Jx-IO')e/ouay _ 56/(3:-70°)e/w{a:] = RC[EIQIW]

(3x-70°)

E, = 4e7/U!Mq - 5¢! a,

inf
(b) H= Re[ > e’“"e"”a,,J = Re[Hse’“”]

r

sinf _
H, = e’a,
r

s

@  J=Rese e e emar. = Refl o]

J, = -j6e'(’”'”‘ay + 10e™19q,

Prob.9.33 (a) (#4-/3)= 5g-13687°

-/(BX+3617’)a «

As = 58 y o

A= Re[4,e"]= 5cos(at ~ px- 36.37%)a,

(b)

B= Re[B,e"‘”]= Re[zp—oe’(“""”aoJ

20
= —cos(w! - 22)a,
p

10 N
C = —=(2236)e’" " e *sinfa,
r




22.36 .
C-= Re[C,e"‘"]= Re[ /(0834 )sinea‘]
r

22.36 o o
= —5—cos(wt - ¢ +63.43°)sinbq,
r

Prob. 9.34

A= dcos(ot-90%)a, + 3coswta, = Re[4e’("’"9"”a‘ + 3e’“”ay] = Re[A,_e""‘]
A =+4e""a +3a,=-j4a,+ 3a,

B = 10z¢’* e "a,

B= Re[B:e""‘] = [0zcos(ot - z+ 90°)a, = -10zsin(o ¢ - 2)a,

Prob. 9.35 We begin with Maxwell’s equations:

VeD=p /e=0, VeB=0
B )

VxE =-— VxH=J+—
xE a1 xH J+a:

We write these in phasor form and in terms of E; and H; only.

VeE, =0 (D

VeH =0 2)

VxE, = - jopH, (3)

VxH, = (¢ + jot)E, 4)
Taking the curl of (3),

VxVxE, = - jouVxH,
V(VeE)-V’E, =-jou(c + joe)E,

V'E < (0°ue- jouo)E, =0 —-  VE +y'E =0

Similarly, by taking the curl of (4),

VxVxH = (o + joe)VxE,
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CHAPTER 10
P. E. 10.1 (a)

e|;\,»

— —_ 3 .4 ! ns’
2.‘ 10“ o R

~
i

A=ul=3x10"x3142x10” = 9.425 m

k=B=2n/}= 0.677rad/m

(b) t,=T/8=3.927n

(c)
Ht=1)= 0./ cos(2x10*

as sketched below.

n
8x10°

Hy
A

2x/3)a, = 01cos(2x/3~n/4)a,

ANTANE ANIAN
VARV VAV

P.E.10.2 Let x,=4/+(c/0¢c)’, then

16
€= \/L;"-p,s,(xo— I = %"7,/% By

ac 1/3x3x10° 1

, -]= - - —
or X, m\/’g 108.\/5 ‘\/—g

> x =9/8

, 81 ,
x)=—=1+(c/og)} ——»  _05I5¢
64 0e

tan20 = 05154 —> 6,=17363"
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= 1.374 rad/m

(b) —=0.5154
We

NITWA _120nv2/8
(c) Inl= \/'— 978

=177.72

n=17772£1363°Q

177.5

o 10° ;
= —= =7278x10
. (d) u ER 8x10" m/s
(e) a,=axa, —> axay,=a. —-= ay=a,
0.5 —3l3 s 8 0o -2/3 8
H-= e sin(10°t - Pz~ 13.63°)a, = 2.817¢*" sin(10°t - Bz - 1363°)a, mA/m

P.E.10.3 (a) Along -z direction

-l - o i - T

3x10%x2
or\e, =fc/o = —/———— 210" =6 ———» €,=36
120
(€) 0, =0.0n=u/e =i, /e, \Il¢, = ——-= 201

d,=d,xa, > ~a.=axdy, » a,=a,
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0
———sin(o !+ Pz)a, = 7958sin(/0*t + 2z)a, mA/m

20
P.E. 10.4 (a)
o 107
— =z = ().()9
0€
10° nxdx —

367

9

- ﬁiui(ijz - i-Lzoog) = 0.9425

_ o fwe 1(_2.)2 10°
=coJ2{1+2 #1l= 103\/2[2+05(009)] 20.965

E = 30e™°"" cos(10°rt - 20.96y +  / 4)a.
Att=2ns, y=1m,

E = 30e™°"% cos(2n - 20.96 + n / 4)a, = 2787a, V/m

b 10-£ d

or

L4

Y= 785 " 18x20905 - 33%2mm

(c) 30(0.6) = 30 ¢

]
09425 Mo - 242mm

i
y=—In(1/06)=

(d)

Ju /e 60n
- = 18811

Inlz — = =
[/+ 4(().()9)-‘] 1002

to
]

]
S~

2. =tan"'0.09 p 0=
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a, =a,xa, =axa.=a,

_ 30
T 188.11

H e’ cos(10°nt - 2096y + n /4~ 2.571°)a,
Aty =2m, t=5ns,

H = (0.1595)(0.1518) cos(-4.5165rad)a, = -47la, mA/m

P.E. 10.5
w L w o« J 0 6
1= [ [Judydz = J,0) fay etz = 202
70 0 I+J
PRI
T2

P.E.10.6 (a)

R 13x107°
Lo _ 2 _ 24 [nfic = x2 Vnx10 x4xx107x35x10° = 24.16

(b)

R, 13x107° > — -
T Vrx2x10° x4nx107 x3.5x10° = 1080.54
"

Ic

P.E. 10.7 «

I
P = SNH,
ave 2n oax

(a) Let f(x,z)=x+z-1=0

a = —t—= = , d5=dSa
VS W2 "
1 a+a
— o — - 2 x
P= [9.dS =95a, YA =
/

(1202)0.2)°(0.1)" = 53.31 mW

N2
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N h 9 44 N n 8,
: JVI t 1447[~ ! !

tan 20 0 = 121 ——> On:: 37.57°

N, = 95445£37.57°

(a)
o NamNy  95445£37.57°- 754

= - 0.8186/ 17108
N, +1, 95445737577+ 754 8 08

1=1+1=02295£33.56°

I\ 1+ 08186
ST T 98186 - 1202

~
'

(b) E, =50sin(ot- 5x)a, = Im(E,e’), where E_ = 50e-/5xay‘
E, = IE, = 08186¢’""'" (50) = 40.93¢/"'*".

Ers = 40'93ej5x+jl7108°a

y

E, = Im(E,e™)= 40.93sin(ot + 5x+ 1711°)a, V/m

ay = axay=-axa,=-a

40.93 ’
H = sin(o?+ 5x+ 171.1°)a, = -0.0543sin(ot + 5x+ 1711°)a, A/m

rT 7 754

(c)
o =1E, =0229¢""°(50) = 11.475¢'% %

E, = 11475¢ /#:<+/3% e *“a,

E =Im(Ee") = 11475¢" " sin(w - 7.826x + 33.56°)a, V/m

ay =d,xa, =d.xd, =da.

|
l
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11495

- -6020x oo . 567~ 37.57°
T 95445 sin(@?-7826x+ 33.56" - 37.57°)a.

= 0.1202¢7°%" sin(wt - 7.826x - 4.01°)a. A/m

(d)

? Ell): EI‘(): ( )
= — + - =
e 2n, % 2n, e 2(240m)

[50°a, - 40.93°a,) = 05469, Wim?

E S (11475)°

g: = o -2a,x 0 7
me = ¢ ST 5095 145)

P. E. 10.10 (a)

k=-2a,+4a,—- k=v2"+ 4 =20

0 = ke=3x10°V20 = 1.342x10° rad /s,

A=2nk=28.Im

akxE‘_ (—2ay+ 402)
n,  ~20(120r)

(b)H = x(10a, + 5a,)cos(w! - k.r)

= - 29.66 cos(1.342x10°t + 2y - 4z)a, mA/m

(c) o - |E0|2a ) 125 (—2ay+4a:)
" 2m, ¢ 2120n) Y20

= -74.15a,+ 1489, Wim®

P.E. 10.11 (a)

c0s37.57°e % q = 0.5469¢"""a, Wim’

A e ST
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v 2
tanf, = —= i 0,=2656=9,

B, ey

28>

/
sinf, = sinf, = 55in26.56" —-0,=17292°

=

we may use the result of Prob. 10.42, i.e.

tan(6,-0,) tan(-7/3.64")

" tan@®,+0,) tan(39.48°)
2¢0s26.56°sin12.92°

"7 Sin39.48° cos(- 13.64°)

-0.2946

S
AN

647

|

() k =-P,sinb,a,-P,cosb,a,. Once k, is known, E, is chosen such that

k,.E,.=0or V.E =0. Let
E, =21E,(-cosb,a, +sinb,a )cos(wr+p,sind, y+ B, cosb,z)

Only the positive sign will satisfy the boundary conditions. It is evident that

E, = E,(cosb,a, +sind a )cos(ot+ 2y - 4z)

Since 6, =86,

E,cos8, =1, E, cosb, =10, =-2946
E, sinb, =7 ,E sin®, =57, =-1473
B,sinB, = 2,p,cosb, = 4

le.
E, =-(2946a, - 1473a.)cos(wt+ 2y + 42)

ol

®d)n,=n,,n,=1, /2, Eis parallel to the plane of incidence. Since H,=p,=4,,

E = E +E =(0a, +5a)cos(ot+2y-4z)+ (-2946a, + 1473a_)cos(wt + 2y + 4z)

V/m
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2n T
At t=T/4, E. - 25sin(?n7— 6x)= 25sin(-6x+ 90°) = 25cos6x

mT
At t=T/2, E. = 25sin(7n3— 6x)= 25sin(-6x+ 1) = 25sin6x

These are sketched below.

t=0 E: T
25 /\ N
25 M A

t=T/8
E. L
A A
» X
225 ,\/ )L
t=T/4
E.
25 .
X
>
RV
t=T/2

—_———




250

Prob. 10.2 If

Y’ = jop(s + joe)= -0 ue + jops andy = a + jp, then

IY:I= \/(a"—B")+4a"B:=\/(a"+B")“’=a3+BJ
ie.
'

a’+B = opf(c +0%?) (1)

Re(y")=a"-p" = -0 ke

pr-a’ =0 @

Subtracting and adding (1) and (2) lead respectively to

o] z+(:—eJ:-1}
oo i ()

(b) Fromeq. (10.25), E (z)= E e "a,.

VxE = _j(DHHS — Hc = LVxEc = ‘L("YEae_’:ay)
But H(z)= He™ a,, hence H = —*= _I ’
| N op
o
Y

(¢) From (b),

) jou _\/jwu BN

n—\/jc)p(c+je)s)— o+jc)e_\/1 G
_.I -------

[l
Tmos o e, e
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-9

c ]
= -j—)=1234
(c) e, =¢(/ jmg) 23 x36n

(1-j1732)= (1091 - j189)x10™"" F/m

(d)

3x10°

g 2nx10° |1 n’
az_‘*c’_\/&[ 1+(L) _IJz X JE%—[J1+3—1]=0.0164 Np/m

Prob. 10.6 (a) |E|= Ee™™

Ee ) =(-0I8)E,—> e =082

!
a = lnm- 0.1984

0, = 24— tan2, = —= 1.]1]
0e

¢ )’ GRS L
I+ —| -1 — T :
o \/\l (ms) [V2233-1 .~
= = | Vaziys " 227 b= 04458
\/ I+ (—) + |

Y=o+ jB= 01984+ j0.4458 /m

) A== 2x/04458= 1409 m

B

(c) 6=1/a =504 m

(d) Since

G 2
o =0 s 1+(~——) -1 =9—‘/&\/0.494, p,=1
2 0E cy 2 r

£ ac 0.1984x3x10%

r

_ : = 1348 —— ¢ = 3633
V2 T 00494 2ax10 0494 > =363
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. o}
Since —= 1111
0E

-9

36n

o =we.e,xlll]=21x10"x x3633x1.111=224x10" S/m

Prob. 10.7

L 4 _ 80,000
we 2nxl10°x81x107°/36n 9

>>

2nx10° ,
oa=p= m;c =\f”‘; x4nx10" x4 =04n

2nx10’ 5
@ u=o0/p-= 0 = 5x10° m/s
b) A=2n/ —ZL—S
( =T B-0.41t—=m

1
(c) 5=1/a=m—0.79 m

(d) n=[nl£6,,0, =45

f Inx107 x27x10"
Nz ——== il = \/ X Xenx = 1405
2 £ 0 4

n= 1405445

Prob. 10.8 (a)

2n
T=1/f=2nlo = nx108=20 ns
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)
But a=—
c

ac 0.1x3x10°

x-1= = o = 0.06752—— x = 1.0046
pe, wxi0 V2
® /__-

:
) (x+ 1) o (2.0046) " ol 2088
b={%=7) ““\oooss) %174
N=2m/pe -3
=2n/b=508g "M

Jile 377
£ 188.1

N N

2
x= 1+(i) = 10046
we

= 0096 = tan20, —— 0, = 274°
[OR

n= 18814274

E,=nH, =12x188.1= 2256.84

apxa, = a,—> a,xa, = a,—- a, = a,

E=2256¢"" sin(xx10°t - 2088y + 274°)a, kV/m

(e) The phase difference is 2.74°.

Prob.10.9 (a) y=a +jB =005+ j2 /m

()

A4

N

M) r=2a/Pp=n-= m

|

2x10

(cYu=0/p= = 10" m/s

5

-
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B:(J_)\/p—: %V“rer

Jo = pes _6x3x10”_9 R _ 8]
T PCIO = o0t £ =

~9

£=¢¢ = x81=7.162x10""" F/m

b4
120
(C)ﬂ=\/u/€ =\/p,,/80\/p,/gr = 9“

E, = Hn=25x107x37719 = 1047
axay = a—> apxa, = -a, —= a4, =a,

E = 1047sin(2x10%t + 6x)a. V/m

Prob.10.12 f=4 —> A=2n/p=157Im

Also, =0 /u= m\/;_= %,/p,e,

pe 4x3x10°

= = = 6x10° rad/
® \/Prﬁr 77 x10° rad/s
LRI
Jy,=VxH=| ox dy 0z|= . Y
HGE 0 0 z

J,=~-40cos(ot- 4z)x10"ay = -40cos(wt - 4z)ay mA/m>

c 10°° »
Prob. 10.13 (a) —= =36x107" << |

107
2rx10" x5
nx X x367!

Thus. the material is lossless at this frequency.
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Similarly,
¢D

VxH = . —» kxH =-¢0E
¢

From kxEE= ouH, a.xa, = a, and

From kxH = -ewE, axa,=-a,
Prob. 10.16 (a)

_Eg_5x3x108_£
p= \[8_’ - \/:— o 2nx10° T 2n

£, = 3.6993

r

(b) A=2n/B=21/5=12566 m

e

c 3x10°

e B3
2n

= 1.257x10° m/s

d) apxa,=a,—- ayxa.=a,—-a;=a,

(€)  E=30x107(157.9])sin(ot - px)a, = 4737sin(2nx10°t - Sx)a, V/m

oD
® J, = 5 VxH = 0.15cos(2nx10%t - Sx)a, A/m

Prob. 10.17 B=oyhe =—y&, i, u,=!

8x3x10° >
,[gr:EE: L]gy—:z.[ E,:5.76
10} [ ——

let E = E,+E>
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107
(a) 2. N 15 ——->  lossy
]
2nx8x10° x15x 360
No, not conducting.
o 0.025
(b) — = 107 " 3515 @ ——o lossy
2nx8x10° -
36m
No, not conducting.
c 25 .
(c) —= 5 =6944 ——-  conducting
8x10°
2nx8x10 36m
Yes, conducting.
Prob. 10.20

3x10°

2 6
2 2nx6x10
a:m\/‘—‘i{ 1+(i - } "f\/“’ ’[J1004 -] = 22 \/2x2447x1o-3

o =8791x107°

d=1/aa=11375 m

B=m\/ﬂ;—[ 1+(m°s)7 J T \/ [V10049 + 1] = 0.2515

21x6x10° s
u=0/p= 02525 - 15x10° m/s
caz I,
Prob. 10.21 04E,= Ee™* —as —=z¢™
0.4
/
Or a—Elna——04581 —=  d=1/a=2183 m

h=2n/B=2nll6

. 2n .
u= fr=10 \E = 3.927x10 mis
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Prob. 10.26 (a)

E=Re[Ee™]=(3a,+12a,)e” * cos(wt - 34z) .

At z=dm. (=T/8 or=FL_7
zZ= . = . = —_— = —
m S S R

E=(5a.+12a,)e”" cos(n / 4~ 13.6)

|E|= 13¢™""|cos(n /4~ 13.6)|= 5.6
(b) loss =adz=0.2(3)=06 Np. Since 1 Np=8.686dB.

loss = 0.6 x 8.686 = 5.212 dB

) Let x= 1+(0§’—8j:

a x—l)"‘? 1

B_( —) =02/34=

x-1

;‘:—1= 1/289 ——o x = 100694

a=0Jpe/2vx-1= %,/a,/Zs/x— /

\/g_ ac__ _02x3x10° . il
2 ovx-1 10°0006%4  * &=

Ho

e ,,J—, 200
W T Vils2x100694  C

tan20, = == 1=0118 —= 0, =3365

N = 32573365
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. , / '
= ExH = E xH cos"ot+ ExH sin"ot - —(E,xH, + ExH )sin 20t

r I

17 17 I /
P = F(_’[.‘Td ﬂcos odi(E,xH )+ ?;)I'sm odi(ExH)- ﬁ!sinmdt(E,xH, + FxH,
1 1 |
E(E xH + ExH) = —Re[(E + JE)x(H - jH)]
/
P, = 3 Re(E xH.')
as required.
Prob. 10.29 (a)
[3 1 2x3x10° ;
u=0/ —_ = 2.828x10" rad/s
g cVis T Ja5 TE==—=
120
N= = 17770
45
E a. ) 5 .
H=ax—= ?'x—sm(a)t -2z)a, = si(w ¢ - 2z)a, A/m
(b) P =ExH=—sin’(ot- 2z)a, W/m’
4.5
(c)y 2. —?—a:, dS = pd¢dpa,
Imm dp 2x .
Poo= | %0 dS =46 ?jd(p = 4.5In(3/2)(21) = 11.46 W
2Zmm 0 .
_E; ES ES
Prob.10.30 (a) 7. = -, P, =, P, ==
", o2, o,
P E . (n.-m
R= LS. :r_:ln‘ n/[
[)i.\m' F : n.’ + n/
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ﬁ
P,, Ho

8/
Since n, = c\/p £, = c‘/p W€ RENCN TR

2
n+n
Rz( / 2)
n+n,

(b) If P,

rdve

-P,.—>RP, =TP, ——> R=T

ie. (m-nm) =4nn, —-> n’-6nn,+n’ =0

B_3+J8=5828 or 01716

n,

Prob. 10.31 (a) n,=1,, nO=J::=nD/2

L}
w

i
(b) E, =TlE,=~7x(30)=-10

E, -10cos(et + z)a, V/m

Let H = H cos(at+z)a,

a,Xd, = d, —= ~d,Xd, = ~d.—= d,; = d,

II

/2- 2
r nz nl__no n()=_1/3, = n} = ‘10
ntn, 3, /2 n.+n, 3
_1+|l’|~1+1/3_2
S I-\r)1-1/3° =

o
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H = 130m cos(wt+z)a, = 26.53cos(ot + z)a, mA/m

Prob.10.32(a) n,=n,
E = E sin(of- 5x)a,
E,=Hn, =120nx4= 480n
apxay =aq,—-ra.xa,=a,—- a, = -a,
E, = -480n sin(w ¢ - 5x)a.

' 1207

nZ: 80: \/7

_Mo-n, 60n-120m
T m,+m,  60n+120m

= 60n

r =-1/3, t=1+7=2/3

E, =TE, = (-1/3)(480n) = - 160n

E, = 160n sin(wt + 5x)a,

E =E+E =-1508sin(0t- 5x)a. +0.503sin(wt + Sx)a.

() E,=1E, = (2/3)(4801)= 320n

E?  (3201)
a =

2, = 260n)

© s= I+ 1+1/3

=N 1-1/3

P= a, = 2.68a, kW/m?

1}
N

Prob- 10033 T]I = ]’]o = 1201‘[, nz = :_'.?.
2
Eru n"—n/
== (1)
Em n:+‘]/

kV/m
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Prob. 1035 (a) f=/=0/u= H,E,

c 3x10°

O = = = 0.5x10% rad/s
\/p,s, V3x12

(b) n/ = u’

r=222V s =273

n,+n,

__1+|1"|_ 1+ 1/3_
S I-|r1-1/3

o

(c) Let H,=H,cos(wt+2z)a,, where

aExaH =a, —= "'ayxaH =-4a,—= a, = -a,

H= =150

Prob. 10.36 (a)

a.xa, =a, ——» agxa. =

i.e. polarization is along the y-axis.

2 ,,\/ no\/—-no/Z

1
E =- }-(3)cos(mt+ z)a, = —IOCqs(mH 2)a,,

0 .
cos(0.5x10°t + z)a, A/m=-26.53cos(0.5x10%¢ + z)a, mA/m

_ 2nx30 10°
(b) B=o0ue= HE, n; 1;8 V4x9 = 377 rad/m
¢ 0 0
— — 0H.
(c) J,=VxH=ax ox ox --‘a—'a
0 0 H.(x,tn) x

= -10B cos(at+Px)a, = -37.6cos(at + fx)a, mA/m
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@, nfi-2
n.’—nu’ N, =M, 9- 3”0

n.-1,
n.+n,

= =1/5, t=/+=6/5

E = 10n,sin(of+Bx)a, mV/m, a,=-a

E =710n,sin(ot- Bx)(—ay) mV/m
a/:'xah’ = ak — _ayxaH = ax —_— aH = —a:

H, =TI'10sin(of-Bx)(~a.) mA/m=-2sin(e? - pfx)a. mA/m

E, =110n,sin(0f+Bx)(-a,)mV '~
apxay = a,—- -axa,=-a,—- a, = a,

H =10(6/5)n,/n,)sin(0¢+ Px)a, mA/m =8sin(e’+ px)a. mA/m

2 2
- E102

E E
(€ Puoy==2(-a)+ 2(+a,)= (I-T)a,
‘ 2n, 2‘]/ 2n,
nlzl_[:oz

2n,

1 !
=L (g =- 161000~ 55)a, = ~0012064a, W /m’

Eol = Tl;m = Inll{m

2

2 _ t;’nIZH

Frer = ﬁ(—ax)— 2 ©(-a,)= 32n,(-a,) yW/m’ = -0.012064a, W/ m’
2

2

Prob. 10.37 (a) Inair, B,=/A,=2n/p,=21=6.283 m

o =p,c=3x10° rad/s
In the dielectric medium, @ is the same .

o =3x10" rad/s
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o= = err =B =3

LI LI o»

,= = —== 3, m
B, V3 =———
b) o=l 19 5065
( ° oy, 1200

ay = axa, = a.xa, = a,

H =-265cos(ot~-z)a, mA/m

(C) nI:no’ n/:no/"/}

N,y (1/\/})‘1
r: = -
nan, (I/N3)+1

-0.268, t=/1+7=0732

d) E,=tE, =732, E,=lE, =-268

E, = E +E, =10cos(at-z)a, - 268cos(ot + z)a, V/m

E,=E, =732cos(ot -~ z)a, V/m

/
Bt = %—(a:)[E,j - E,’]= (a.)(10° - 268%)=0.1231a. W/ m’
1

2(1207)

L4

(7.32)°(a.)= 0.1231a. W/ m?

) E)’ J}

T = 50 = S 0

Prob.10.38 (a) o =pc=3x3x/0%= 9x10° rad/s

(b) A=2n/B=2n/3=2094

o 4
() e ™ 9x107x80x107 /367 = 2" = 6:288
[0}
tan20, = —=6288 —-> 0, =4047"
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(c) 8,=0,=3687". Let

— i

2cosb, sin@,
(smG cos, + sin 6, cos 6,)(cosh, cosf, +sin 6,sin 0,)

2¢osb, sinb,
sin(9, + 6,)cos(6,-6,)

6
==Cosf, - =cos0, -
,/s . ,/ i cos®, m9 0sf, _sin(®,-9,)
cosO + ——=cosb, cosf,+ .m cosf, sin®, +6,) ‘!
,/ ,/ sin@, ‘
2 :
cosf, ‘ .
_ VE,» _ 2cosG _ 2cosb, sind,
\/——cose + ‘/—cose cosb, + 9 -cosf, sin(®, +9,) '
Prob.10.43 (a) £, = 4a,+ 3a, !
l
kiea,=kcosb, —-> cos,=4/5 —o> 0,=3687°

. E}? (,/82 +6°)’ (3a, + 4a,) .
Re( ExH, )= 2 a, = 221 20m 3 =79.58a,+ 106.1a, mW/m=

I
2

E =(E,a +E, a)sin(ot-k er)

™~ |
k, i
\/ E, 1.
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21, cosf 08
S L EL oL TR 1,(05) = 06265

E, mn,cosb,+n,cosh, '1,,(09539)+n(08)

E,=1E =0265
But

(E,a,+ E.a.)= E,(sind,a, - cosh,a.) = 0.256(0.3a, - 0.9539a.)

ﬂ V
Hence,

E, = (1877a,- 5968a.)sin(w! - 9.539y- 3z) V/m
] y b

Prob. 10.44 (a)

=/’§—L —  0,:0,=17947°

tan6

!

L
: \/—

1 o

sinf, = sinf, =3 —=  0,=90
r2

9

10
(b) ﬁ,=% e = 3 07 53" 10= kJ1+ =3k —- k=333

(c) A=2n/B, A,=2n/B,=2n/10=06283 m

B,=0/c=10/3, A,=21/B,=21x3/10=1885m

v J8a)

(d) E, =n,axH = 407 ~—*——=1 CH 3

——x0. 2cos(a) 1-ker)a,

= (-213.3a,+754a.)cos(10°t - kx - k+/8z) V/m

( _ 2cosb, sinf, _ 2c0s1947°sin90°
©) U i@, 40 )cos(®. -0,) sin/947°cosi947"

cot/947°

cot/947°

Let FE =-E,(cosb,a, ~sinB a )cos(/0"1-P xsinb, - B zcosh,)

where

— i

L
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E = -E, (cosb,a, -sinb a. )cos(/0°t-B,xsind, - B,zcosh,)
sin@, =/, cosb,=0, P,sinB,=70/3
E, sinb, =t E, = 6Q24n0)(3)() = 1357.2

Hence,

E, = 1357cos(10°t - 3.333x)a, V/m

Since '=-/, 6, =6

E, =(2133a,+754a.)cos(10°t - kx + kv/82z) V/m

€, Eo 0
0 tan9,,,,=‘/'g=‘f980=1/3 — > 0,,=1843

Prob. 10.45

B,=v3+4#=5=0/c —-> o0=Pp,c=15x10°rad/s

Let E =(E,,E

ox?® “oy?

E )sin(o?+ 3x+ 4y). Inorder for

VeE =0, 3E,+4E, =0 )

Also, at y=0, Ejan=FEam =0
E. =0, 8a.+5a.+E a +E.a =0

Equating components, E_=-8, E_=-5

ox

From (1), +4E,=-3E, =24 E, =6

oy — oy

Hence,
E =(-8a +6a, - 5a)sin(I5x10°t+ 3x+ 4y) V/m

Prob. 10.46 Since both media are nonmagnetic,

S

N
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€
tan6 ,, =  [—
&

26
/88” =1612 —> 8, =5819°

But
r‘l nn < ‘
cosh, = ——cosb ,, = ——==cosb ,, = V26 c0os38./9" —o 0, =318
n 2 " no/ 26 ! B

-

L
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CHAPTER 11

P.E.11.1 Since Z, is real and a # 0, this is a distortionless line.

R
7,-|% )
or %:% (2)
a=VRG 3)
G ol
otz @

(1) x (3) > R, =aZ, =004x80= 3202 /m,

0.04
3): (1) > G= —;—= = X070 /m

o

BZ, _ 1.5x 80 _
® 2nx5x 10@_3'———--————'"8'2'HH/m
LG 12 0.04 1

am ——— i — -8
C= R =10 " 35 % 0o 80

L=

= 597 pF/m

P.E. 11.2

5 _ [RejoL _ 003+ j2nx 0.Ix 10~
@ Z,= G+joC \ 04 j2nx0.02x 107

=7073- j1688=70754 - 1.367° Q2

®) 1= (R+ joLXG+ joC) = {J(0.03+ jo.2x Y jo4x 107 x)

=2121x 107"+ j8.888x 10~ /m

w 2nx 10° 7069x 10° m/
=% = ) x
(©) =5 = 5 s88x 10~ 20
P.E.11.3

(a) Z,=2,- Z,=2,=30+ j6012
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7 v
by V.=V = "y =E2-75/0°V
( ) n 7] Z,,, + Z,, g 2 ms
!
n 0 Zg +Zm ZZ,, 2(30'4-]60")

=005£-6343" A

(¢) SinceZo=Z, =0V, =0, =V, ‘

The load voltageis V, = V(z=/)=V e

Ve 7.5£0°
Male L TP0 T 5/ 480
N A AT

e¥e® = 15,48°

e =155a= §ln(1.5) = }%In( 1.5)=00101

ejpl =ej48° —)B‘-‘-i 48°
! 180°

nrad = 002094 {
Yy =00101+ j0.2094 /m :

PE. 114
|

. . . . |
(a) Using the Smith chart, locate S at s = 1.6. Draw a circle of radius OS. Locate P !

where 6, =300°. AtP, ;
\

|
_OP_2iem . |’
I

| I_OQ_9.20m

Also atP, z, =1.15-j0.48,

Z, =72, =70(1.15- j0.48) = 80.5- j33.602 0

1=0.6L - 0.6x 720° =432° =360° +73° .

From P, move 432°to R. AtR.z, = 0.68 - j025




282

o in

Z, =27, =70(068- j0.25) = 476 j17.50

(b) The maximum voltage (the only one) occurs at 6, = /80°; its distance from the

180-60
A=

A
i —=0.1667
load is 720 5 0.1667x

P.E.115
Z,-2, 60+j60-60

(@) I =

= 04472£6343"

Z, +Z, 60+ j60+60 2+

1+ 1404472
s= = =261
-\ 1-04472 =———

N
Co

Let x =tan(p/) = tan%’-:l
Z,+JjZ, tan(Bl)}

Z, =2
" "[z,,+ JZ, tan(pl)

120—j60=60[ 60 + j60 + j60x ]

60 + j(60 + j60)x
Or 2 /_1”(1”) I-x+j(2x-2) =0
I—x+ jx

Or x=1=tan(pl)

L. ] ‘
4 A
. A
e [= §(1+ 4n),n=0,12,3...
_ZL60+j60 _
(b) z, = 7 50 I+

(7]

Locate the load point P on the Smith chart.

Ir| = OoP _dlem
0Q 92cm

= 0445708 =62°

[ = 04457262

Locate the point S on the Smith chart. AtS.r=s=2.6
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P.E.11.8
@) I L r i, L
a .=y = B — = -
G 3 L= Z 0 Z[‘ + Z,,
% LI my e e 12
= — =y, =, - = = — =
= "Z,+2, ¢ < T "zo+z, z, 100" "
Thus the bounce diagrams for current and waves are as shown below.
rcz_;_ rL~—] l"__.;_ rl.=l
4V V= 80mA 1=0
V=4 4V 4 =80 80 t)
2t _t V=0 24 _% =160
v=-133 s 3t,  1=1333 _® 3t
4t ) V=0 4t ® I=106.2"
9 9
V = 0.444 . 5t I=115.6] % Sty
| - 6t =
6t . V=0 e 8 =124.4
27 27
(Voltage) (Current)
Vay
) ov
/ > 1 (us)
V(0,t),
4V 4V
- -> -
4
_____ €mem e 4
I % -’
0 > t(ps)
H 6
>
i 1
SR
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r(;:%
4
V=4 4
PAS 4
3
V=933 3
4t, P
9
V=11.11 3
6t
A
27
V=117

" T 160mA 124.45
10667
80
o> <
' g
— RSl > t(us)
0 2 5 4 16 -
Loo>gmnd
)
7 3
Iy 133.33
11.5
80mA >32
8_90.
0 ; < > t(ps)
3 4 6
bomomeee . :
zZ-7z
tim 0
o) I;==.07,=, ,ZL+Z =]
L (3
_ A V
V = oy e ——t—V =V = 12V, I =. L
x Tz = ZI,+Zg 4 g * c - ZI_+Zg

The bounce diagrams for current and voltage waves are as shown below.

(Voltage)

(Current)
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> t(ps)

V([,t)/r\
067 11.55 12V
o
8V ]
4V
-_--><-_--
e
f T e
0 2 4 6
IE(RY;
__0A
v ) .
3 5 .6 > L (us)
. 11.11 v
9333 [
V(0,1) — > |
4V 4V
_-><---
5
______ > <______ 4
; roo-><Le--- —S tus)
0 > 4 5 g - ¥
10,1)
N
80mA 80
__> _____ S(y
s% 8% ’
e S e
t > t
0 2‘ 4 6 > t(us)
: | J, < .......
: -%
| J, < _______
-80

..
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P.E. 119
r,=--.T, =§,r, = dus
v
( t')mx( = (ZRZ";‘ B 1_10.05 - loomA

[go

r=4 r=-3
100mA
_IO% t
2t
_.5%
S0/ 3ty
4t| 2%9
~ 3 St
6t - |2.%43
4
I1¢9mA
N
1100
‘ _‘/1[1.521
- $ $ T T > {
0 2 4\T 3 o >
N
I (LymA *21.43
N 185.71
0

4 6\1\ 1:0 —> (k)
_6‘]')"
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P.E. 11.10

-
18 280 1217
(a) For w/h=038, stﬂ=—+-~[l+—J =

60 8§ 08
(b) Z, = In| —+ ) 36.18In10.2 = 840302

V275 08
© = =2X10 1500
¢) A= —57—===1809 mm
101275 =————
P.E. 11.11
R - | Wi =‘szox109x4nx10-7
Yo 58%10°
=369%x10°°
-2
o, = 8685 R". = 8686 x 3.69x 10
WZO 25x ;’0—3 x 50
= 2564 dB/m
Prob. 11.1
§ = ot I

VrFUS  Jrx5x 107 x4rx 107 x6x 107

<

5§=919x107°
R=— - 2 = 001040/
T wdo, 03x919x10°x7x107 0.0104(2/m
ud 4ux107x12x 107
L=="—= - 50.26 nH/m
w 0.3 _—
ew 107 0.3
C=—""—= = 221 pF/m

X
d 36n 12x107

Since o =0 for air.

|

[
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Prob. 11.2

nel el
~ cosh™(d/2a) ~ In(d/a)

since (d/2a)’=11.11 >> 1.

-9

x16x10~°
36n
= 0.2342 pF
In(2/0.3) inddiiedl i
:
/ / '

5 = - 7 7 == 209x10 m << q .
Ve Vaxl0 x4nx107 x58x10 i

I 16x107° S
R = ate 7x0.3x107x2.09x10" x5 8x10" - 13x10” 2 f

Proi). 11.3 I
(a) Applying Kirchhoff’s voltage law to the loop yields f
al,
V(z+Az,t) +¥(z,6) - RA2I, - LA: 3
[(z,t) 1
C oVizet) G
But /,= 1(2,[)— }-A a(tz ) 3 — AtV (z, t) —

- ) -:

2 i
V(2+Azt) V(zt) RAz[I(zt)_—Aza_V_QAzVJ IA [Z:_gd oV G GV].

Hence,

o 2 2% T 7y
Dividing by Az and taking limits as Ar —» 0give ,

. V(z+Az,l)—V(z,l)_ i 3/ RC oV RG LC oV LC &’
w—0 1z =, —9|-RI La’+ 2Aza‘+ 3 A_V+ za,+ a4z 61"

or—QK—RL LO-’ !
C.. CI

Similarly, applying Kirchhoff's law to the node leads to
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0655x 107°
594x 107"

= 105840

L
C

[

120
Z = Fgcosh"Z.667= 1050

Prob. 11,9

Since R =0 =@,
v _ oL
ot ot
o_ v
ot ot

If V=V,sin(~ “-pt), from (1)

ol
-5, = Vb eoswi - pz),

I= —E"-B cds(wt —[32)
Using (2)

o) oo

wl

i.e.

L wl v, .
But Z, = = hence Z, = T and / = Z—sm(wt— [32)

Prob. 11.10
(@) o =0.0025 Np/m, B =2rad/m,

8
u=3=£=5x107m/s
p 2
V.60 1
® =510 2
But /7 = Z'_Z"—> i: 300_2"—) Z, = 1000
Z,+Z, 2 300+7Z, ——m—m—

(1

)

iL

—_a
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I(E 122—0e0w35" cos(10° + 2I') - g—oe'ow”/ cos(10*t - 2I')

= 0.12¢""" cos(10° + 21') - 0.6e°" cos(10°1 - z1') 4

Prob. 11.11

v, _ Z,1, _ 2Z,1,

v e z,0,) 2+ 2,0,
ZI II,

Z, +2Z,

(@) T, =

zZ,-2, 2Z,

90

Z,+Z, Z,+Z

b) () 1, =—2ofe__ %o
C onl,+2Z, Z,+1

1+, =1+

lim 2

i) T, = > =
(i) 7, z, 0 | Z,
Z,

=2

2Z;,
Z,+2,

(iii) T, =5, —1m s, =

. 2Z
w) T, =—2=1]
V) 7. =37

Prob. 11.12
R+ joL=65+ j2nx 2x 10°x 34x 107 = 6.5+ j4273

R+ joC=84x107+ j2nx 2x 10°x 21.5x 107 = (8.4+ j0.27)x 107

_ [RijoL [ 65+ ,4273
° VG+joC  \(84+0.27)x 107

Z,=7171£3975° = 5512+ j45.850

/= \/( R+ joLYG+ joC) - \/(43.19481.34")(8.4 x 10~ £184°)
= 0.45 + §0.39/m

b4

u p
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t:i,but u:ﬁ’

u B
Bl 039x56
T 2nx2x10° T Z Hs

Prob.11.13

L
Z,,=\[—;,y=jﬁ=wf£

oL 2nx45x10°x24x 10°
Z,,B=0)L-*ﬁ=—z—= PY:

0

=798.33rad/m

=3.542x 10" m/s

Loz, 8
BT LT 24x10°

Prob. 11.14

_Z,-Z, 75+,25-50

= = =0.2773 69°
L Z,+Z, 75+ j25+50 0———————2 £3369
1+\rl 12773
= = = 7 7
SET0 T 07227 S
Prob. 11.15
From eq. (11.33) ‘
Zsc = Zm ZL=0= tanh'YI
Z
Z = Z = 2 = Z
oc n|zZ,=x tanhyl 0 COth(Yl)

For lossless line, y = jB,tan(yl)= tanh(j[il)= jtan(Bl)

Z, = jz,tan(pl),Z, = - jZ, cot(p!)

Prob. 11.16

sinh(y/)
Z,=Z, =7 tanyl= Z,
cosh(yl)

But v/ = (0.7 + j2.5X0.8) = 056 + 2
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Prob. 11.18

VA
L 20y
Z, 100
Or I—:Zl,—Z() =110,
Z, +Z, 310
1+
§ = =/ -
1-|r]

V
But s=-—" S}V sV

max = min
min

A T720°

Since the line is % long, 2 - =120
'Hence the sending end will be V. ,
while the receiving end at V_._
Viax = Vmin =1.2x80 =96V
Prob. 11.19
oV o Zi-2Z, _50e” 50
I z,’ Z, +Z, 50e”” +50
~ j0.2679
From eq.(11.30), ‘
1 V V
Vi==(V,+Z, e =—L(Z, +Z)e"
0 2( L 4 ZL )e 2ZI( L o)e
V- = Vs (Z,-Z,)e™
© 2z, "

Substituting these in eq.(11.25),

' ) 2ZI Zo

_ l,.’,l;—fu [e~y¢:—l) _re,(_-_/,]

V
I |z, +2,)e"e™ ~(Z, - 2,)e7e" ]




298

Butl——z:i or z-1=-=
8 8

[ = 10425 (—L)(e'%— 1'0.2679e"'%)

* T 1.035215° L 50
=0.2£40° A
or
7257 ,
ﬂz:z_ﬂ.izzr—, 1,:—1—/—!—:10e " =O.2e-j5
8 4 Z, 50e’°

A
8 v
=0.2¢"*" 4
Prob. 11.20

(@) A= -}x 100 = 25rad =1432.4° =352.4°

7. = go| 740+ J60tan352.4
60 - 40tan 352.4°

] = j29.375Q

V(Z=0)=V, = Z, V. = J29.375(10£0
Z,+tZ, j29.375+ 50— j40

29375490 _0.575./102°

T 51.116£-12°

L b=y V (Z =l), Va = Vl‘e/ﬂ

s

V,=Ve’ = (0.575ejl02" Xe_m“,, )

o

=0.575/ - 250.4°
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(c) B = %x 4 =lrad = 57.3°

=— j3487.11Q.
60 -40tan57.3" | "

V=V,e® =(0.575£-250.4" '
=0.575/-193.1".

z =60[j40+j60tan57.3 }

(d) 3m from the source is the same as 97m from the load., i.e.

[ =100-3=97m, pI = %x 97 =24.25rad =309.42°

7 _ g0 40+j60tan309.42°
" 60 — 40 tan 309.42°

V=V, =575/ -250.4° %47
= 0.575£59.02".

=— j18.2Q

Prob. 11.21
2 F 4
=—(1.254) == +360°,
i) 7 ( ) 5

tan fl — o

2

Z = Z, =46.875Q.
7 =2oixe

in
1L

V. =V(Z=0)= Zu V, =48.39V.
in + Zg
for a loss less line,
V.=V (Z = 0)| = 48.39.
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Substituting V" and V in (4),

1 _ 1
I, = —Z(V, +Z,1)e™” +§(V, ~-Z,1)e"

o [/

= —L(e*’ —e Yy, +%(e" +e™),

2Z,

I, =—ZLsinh}4'V, —coshpl, 6)
From (5) and (6)

a2l closh A Z, sinh y v

1, - Z—sinhyi —coshy 1,
But

coshyy  Z, sinhy]” coshy  Z,sinhy

_~Elo—sinh/z —coshy | ~ ——él—o»sinhyi —coshy
Thus

1% coshyy  Z_ sinhy v
=11 . 2
1, ] —Z—osmh A coshy [_ 1, ]

Prob. 11.24
80 — /60

Method 1 : Z, =
50

=1.6-j1.2

8
_0.8x3x10° _ o

A=X -
f 3x10 ‘ e . -
4.

l, = 72m =2.1m — 720° x % = 5 revolutions + 90°

Q AtG, Z,6=044-04
Z,=2,Z,=50(0.44 - j0.4)
=22 - j20Q
G - M= OP _43em _ 0.4624,6, =50.5
OQ 9.3cm

['=0.4624 £50.5°
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r ﬁ Z ,e ézi;w: Zin

z: Zin

al 2rx3x10°
tan f = tan— = tan—————
u 0.8x3x10

:tan(le—]:l
4

7 -7 Z, +jZ tan A _ 5 8060+ ,50x1
"N Z +jZ tan A 50+ j80— j60x1

=29.6£-43.152" =21.6- 20.2Q
_Z,-Z, 80-j60-50 3-6
Z,+Z, 80-,60+50 13-6

N =|r'|=0.4685 but

(2.1)

=0.46852-38.66’

6, =6 +2x%= ~38.66° +90" = 51.34°

I'=0.4685251.34°

Prob. 11.25
‘"_:ﬁ:i(“_ﬂ@:l,s”z,s
Z 60
8
S s r=1om=22
f 20x10 3

If A — 7207, then %l — 480° = 1revolution +120°
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WX LG G

N

AttheLoadP, Z, =0.17 + j0.23

Z,=2,Z, =60(0.17+ j0.23) =10.2 + /13.8Q

=22 _683m _ 4900 0-154°

0OQ 9cm

['=0.7222/154°,5 = 6.2

Prob. 11.26
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Zn = 0.2 + 0.0l

Zin =75(0.2 +0.01) = 15 +,0.75Q

Prob. 11.28

26°
Z

90°

'3

-64°

7

(@) A —>720° sothen % —>90°

bt

zin = _j

(b)

SN
1

-126°

zin =0.18 +,0.31
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(c)

’ =0.52£53.13°
‘!@ o
)

Prob. 11.29

=03+ 0.4

z, = 1.7+ j1.35
-37°

If A —270° then % — 120°

Prob. 11.30

Z, 100 - 4120

in

> z, =035+ j0.24

a Z = =1.25 - j1.5
@ Z,=7 80 /
]
A=i=0'8X3xl60 = 20m
f 12 x 10
L=2m=224 1045 72004 20
20
28 4

/, =28m=—56—-=l.4/l—) 720°+72°+ 216 °

To locate P(the load), we move 2 revolution ‘s
the load. At P,

or S.lcm
|r . | = = =

0Q 9.2cm

plus 72 ° toward

= 0.5543 Z;a min

G, =72°-47°=125°

I, =0.5543 £25°

Z,.max =sZ, =3.7(80)=296Q

Z,.min =

=21.622Q
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(b) Also,at P, Z, =23+ j1.55

Z, =80(2.3+ j1.55) =184 + j124Q
At S, s=3.7

To Locate Z, , we move 216° from Z,, toward the geneator.
At Z. .

Z, =048+ j0.76

Z, =80(0.48 + j0.76) = 38.4 + j60.8Q

(c) BetweenZ, and Z, , we move 2 revolutionsand 72°. During
the movement, we pass through Z, . 3 times and Z;, i twice.

Thus there are :

3 Zin,max and 2 Zin,min
Prob. 11.31
90"
120°
Z ‘{%X\ Vmax
180°
-80*

(a) g =120cm > A =2.4m

u 3x10%
—flo == = 125 MH:
U= =05 2
(b) 40cm= 204 _A [ 720° o0
240 6 6
Z,=27,Z, =150(0.48 + j0.48
=72+ 72
© =218 444
s+1 39

['=0.444/120°

|

L
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Prob. 11.34

102° : 150

[ =021 -5 720°%x0.2 =144°
l_/_ 2+

s

=200+ /100

Zin - -3
I. 10x10

5

Z, =Zn 26674 133
Zl.
Z, =03+ j0.12

Z, =75(0.3 + j0.12) = 22.5+ j9Q, s = 3.

Prob. 11.35

0y

(2)

|




310 :

z)z} o
0 @ |

or Z, =42z, =4J(50)’(75) = 53.33Q |
From(3), Z,, =3Z,,Z} =3(55.33)(75)* = 67.74Q. |

From (1) and (2), (Z,,)' =2,2Z} =

Prob. 11.36

i—>180°, Z, =E=1.48, L 06756 l
4 "~ 50 VA '

L |
This acts as the Load to the left line. But there are two suck loads in parallel due to

the two lines on the right. Thus

1
oz
Z, = 50-—2— =25(0.6756) =16.892

7, =168 43378 7 1 996
50 Z

L 1

Z, =50(2.96) = 148Q. |

Prob. 11.37
From the previous problem, Z, =148Q [

v
1,=—2— =12 _05634 |
Z,+Z, 80+148 "
!
P,, = -;- LI'R, = —12—(0.5263)2(148) = 20.5W |

Since the lines are lossless, the average power delivered to either antenna is10.25W |

Prob. 11.38

2r
(@ pl= e

&~

, tanfl=wo

NN

Z, +jZ, tan Al )

Zl" = ZO
(Zo + jZ, tan Bl

As tan fil - o,
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(b) If Z, =0,

= (; =00 open
n= T2 (open)
(©) Z,=25/ew=222__ 2 150
' 25+ 25
1+ —
o0
z. =Y 1000
25 ==
Prob. 11.39
ZZ
l]:i——)zmlz - or yinl=i
4 zZ, Z,
Yoy = ———-——200”1250 =20+ j15mS
(100)

P Z, +jZ, tanz
L,=252,=, lim2Z, 4
8 L= /4

Z,+ jZ, tan—
4
1 1
=——=— = —j10mS
ym2 jZo 1100 j
T
(Z,+jZotan——) .
13 = % - st = Z” 74 = Z("Z(Z' _ézj’)
(Zo+jZ,tanT”J 0o T/
But ‘ 7
Yi= Yiu + Yip = 20+j5 mS
2=+ = 090 _4706- 1176
y.  20+jS
Z,-jZ, _  100-j47.06-11.76

=—6.408 + j5.1890 mS
If the shorted section were often,

You =20+ j15 mS

jtan’f/
P 41 _ ioms
Z 100

, —
‘m2 -

VA

mn?2

Ym3 = Z,(Z,-jz,) 100(47.06-j111.76 - j100)

i





Antonio Pertence


313

L,=(136"-65° )% = 0.0986.

d, = 146° _ 0.20281
7200 e
Prob. 11.41
d,=0.124 — 0.12x720° =86.4° . Y,=j1.06
[,=031 - 0.3x720° =216°
(a) From the Smith Chart,
Z, =0.57+ j0.69
Z, =60(0.57 + j0.69)
=342+ j41.4Q
by d,=300"-864" ) e
720° —
ly = 2_ea - —p )/1 = 04734
2 720° —
(c) s =265
Prob. 11.42
A, 720 =180°
4 52°
r=1 circle
AtA. y=1+j15 y=-15 5> Y, =yY, == j1.5Y,
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_128°4
720°

L, = éz—/l =0.07224
T 720° _

d, =0.17784

Prob. 11.43

Vo _

Ve W
3

s—1

I
i1

3

g

LSS

90°

lr, =2 _-2-06
s+1 3
/1 Vmin

OO

5=250m——50m=200m +180°
- A1=40cm " \k,\

The load is 1=5cm from Vg, i.c.

l=—== 5 90°

On the s = 4 circle, move 90° from Vi, towards the load and obtain Z; = 0.46 — j0.88 at

P.

Zy= ZoZy = 60(0.46 —j0.88) = 27.6 —i52.8 Q2

L4

6, = 270° or 90°
= 0.6Z-90°

Prob. 11.44

-90°

A o 32-12=20cm - A =40cm
2 V.
8
=t 2% 656He
A 40x10

Ze

-18°
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[=21-12 =9cm:—?—i—>ix720" =162"
402 40

At P,z =26-,1.2
Z, =7,Z,=50(2.6-j1.2)=130- j60Q

Prob. 11.45
s=V“‘a" 995 _ 11
l/mm 045 =
-;3—225—14 85 — A=17cm
8
=230 g6 ou
A 017 ————
1=3.2cm=—31'72/1 — 135.5° :
vmi O
AtP, Z, =14-,08 S
Z, =50(1.4~ j0.8)= 70 — j40Q PY(Z,
=2 o357, 6, = aase x
s+1  3.11 —44.5

I[=0.357£-44.5

Prob. 11.46

At z=0,t=0%,v_= Z‘}, \"
Z +7Z ¢

o 8

l . .
t, = — = transit time or time delay. Hence,

, r;) V(1+T, +T I, + T, +‘r(§r,?)

/
and so on. Whent>>—
u
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\Y) y 14.4V
oy T 12V ]
3V 2,28V
Tl EAVE T 0.03V
' 7
et St bt Lk BTN

o
[N
r&s T----1
]
1
| -y
]
\LO\-
ocof
t
[ ]
L - g
]
1
!
4+
]
. 1
]
-
l'\')I
. ¢
PN
2\
=
T
[72]
S’

15V
vay 1425V
\"
_____ 2V .
:
¢
]
1
12V :
------- € mmmmed -0.15
! 0.03
0:::':!:;!-“}:--".;:)
2 4 TIIIIESTTO0CIY 12 14 t(ps)
-0.6
150 mA
Lan o — 1 142.5mA ]
0 t 1 t t t t T T t T t T t >

2 4 6 8 10 12 14 t(ps)
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From the bounce diagram, we obtain V(0,t) and 1(0,t) as shown below:

S 0mA

A
VOt 9V
5.444V
. 5.395V
Y
1
b/
Dy
] ~ 7 ~
|4 8 12 fus
>y 1s)
v
220mA 216.05mA
10,9 A S0mA 215.5mA
/60mA
ii4 8 12 >Us)
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1(l,t) = %, we obtain I(1,t) by scaling V(l,t) down by 150.

The result is shown below.

_Z-Z, _150-50 1 _
" Z,+Z, 1504150 2" ¢ Z 4z, 75
__ Ve _50(12) _ _12
*Z,+Z, 715 °Z,+Z, 75

1(1,HmAN —
5333 500.17
497.8
l | l I l
D 1 2 3 4 5
Prob. 11.50
I 150
f,=—= =0.5us,
(@) " u 3x10 -

_Zg=Z, 25-50 1

v
=8V, [,=—2=%— =160 mA

H(us)
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I(0,t)m
) Ar\lsov 160.5
17.77 2.667
40,
_wA <- 17.77
L /%, _ ] t(v
N
0 | I 3 ¢ —
G ~2.963 ~2.963
80
.__<...
-106.67 ~106.67
I(1,t)mA4 160
N
) ]
1 1
] ]
] !
: :
180 ! 80.07  2.667
Ve
2222 2.222
0 t t t $ —>
. 2 3 = 5 6 T t(ps)
5 {-1333 ~0.185 T13.33
1 1
] []
] 1
L..-_(..-J
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Prob 11.52
(a)Let x=w/h. If x <I,

50= 60 In(§ +x)

v4.6 \x

V4.6 -6In (i + x) =0
X

we solve for x (e.g using Maple) and get x = 2.027 or 3.945

which contradicts our assumptiom that x <1. If x > 1,

50 = 1207
l4.6 (x+1.393+0.667 In(x +1.444))
127 -5/4.6 (x 1.3930.667 In (x +1.44))
solving for x, weobtamx-—l42--}—l-~= -
w=142x8=11.36m
we,
® p=—
¢
lre
=450 =2 - W
=™ _ 3x10%
4e027f 8 x4.6x8x10°
1=0.102m
Prob. 11.53

For w=0.4 mm, g 0.4 mm

=0.2 - narrow strip
h 2m
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W 219803 In6.615+ 1"(1n2.808+o.39—9§—])
h 7 4.6 23
=0.793 %> 2

Thus% = 1.539< 2

ep=3 13 1869
22 12
2.1+ =2
1.539
8
u=X10 o 9ax10® mys

J1.869
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CHAPTER 12

P.E. 12.1 (a) For TE,, f.=3 GHz,

VI-( 1 f) =1-(3715) =096 . B,=w/u, =4xf /c

K tuxlSx10’
N 596 = TEBXIO” oo 6156 radim
C P~

3x10*
o 2rtx15x10°
= —=———=153Ix10° m/
“T 5 6156  =22Xi8 ms
U 60n
'=,[— =601, W, =—F——1=19240
B A

(b)For TMyy, fe= 3V7.25 GHz, \1- (f./ f)* =0.8426

i 4nx15x10° (0.8426
——f—(08426)— e 10(3 )

B= 529 4 rad/m

o 2nx15x10°
— = = 178x10®
B 5204 8x10° m/s

Ny = 600(0.8426)= 158.80
P.E. 12.2 (a) Since E_ # 0, this isa TM mode

E_ = E, sin(mxx/ a)sin(n}ry /b)e""”

0 s

a
i_mode.

(]

ie.

g

' 8
®) £, = 5‘2—\/(m/a)2 + (n/b)? = 3x10 V40? + 507 = 15V41 GHz
9
5=mJﬂE,/1-(ﬂ/f2=2"f,/f ~ 12 2”10 —225- 9225 =241.3 rad/m.

(c)
E

Xy

_ Iﬂ -1

—Jﬂ

E. = 7—(30/7)"05|n407xc0550'ne o

E 20 ‘”lz 40/[' —> m=2, ﬁb’_r_ = 50” e
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E,
E,

P. E. 12.3 If TE;3; mode is assumed, f.and £ remain the same.

= [.25tan40rxcot50ny

:fc=28.57GHz,ﬂ 1718.81 rad/m, y = j,l?

377/2

J1- (2857/50)
For m=1, n=3, the field components are:

=229.69Q

MNiens =

E=0
H, = H, cos(rx / a)cos(3ry / b) cos(wt - fz)
KY 4
E, = Zﬁ‘ ( ;i )H cos(nx / a)sin(3zy / b sin(wt — fz)

E, = %—( )H sin(zx / a)sin(3zy / b)sin(wt - fz)

H, = ;182 ( )H sin(zx / a)cos(3zy / b) sin(wt - fz)

H, = ;:82 (3 )H cos(mx / a)sin(3xy / b) sin(wt - fz)

Giventhat H =2= - }'I’%(/r /a)H,,

H =- ;1'-52—(3/r/b)H0 < 6a/b=6(15)/8 = 1125

oy

2h’a  -2x145172x10% x1.5x1072

Ho= Hy=-—pm= 1718817 =796
oulr 204
Eo), = h—z(;) H, =- _ﬂ— = 20, = -4594
3a
E,=-E, 5 =4594(45/08)= 2584.1

E_ =2584.1cos(zx/a)sin(3xy / b)sin(wt — fz) V/m,
E, = -4594sin(zx /a)sin(3ry / b)sin(wt - fz) V/m,

E,= 0.
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-1

X

showing that the electric and magnetic field lines are mutually orthogonal. The field

lines are as shown in Fig. 12.14.

P.E.12.8
, / C
U= —F—s=——
e s,
15x10
Lo = == 7351017100 = 1.936 GHz
1
Omror = 6_16:’ where
1 1
— = 15x10°
" oo, Nrx1936x10° x4zx10 x58x10
10°
QTEIOI 61x15— 10 929

Prob. 12.1 (a) For TM,,, modes, H,=0
E_ = E, sin(zx/a)sin(zy / b)e™”
Using eq. (12.15), all field components vanish for TMg, and TM,¢,

(b) See text.

Prob. 12.2 (a)

3x10° :
Jiia+ 110 = —2——J112+1/3% = 4507 GHz

Je= 204x107

u
2
(b)

— 27x20x10° V4
B =S - ) = B a0y

= 816.2 rad/m
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(c)
2nx20x10° s
u=0/p= 81627 = [.54x10° m/s
Prob. 12.3 (a)
1 = i'\/(m/a)'7+ (n/b)’ = M—\/(mll)"at (n/2)y = D v Gz
<2 2x9x107’ 18
Mode F. (GHz)
TEqy, 0.8333
TE 1o, TEq 1.667
TE;, TMy, 1.863
TE>, TMy;3 2.357
TEg; 2.5
TE|3, TM|3 3
TEo4 3.333
TE4, TMy,4 3.727
TEys, TEy3, TMa; 4.167
TE;s5, TM;s 4.488

120n
n's 5= 4189,

N

(b)The highest possible mode is TE,s or TM 1s.

=7 )’ ="\/1'- (4.488/4.5)2;oj573‘~

41.89

Nogis =

u' =c/9, U, = u

1I-(f.1f)
Nrass = ﬂ'vl‘(f;/f)= 3.0580

(c) The lowest mode is TEm' |

3 1 0°
I- (1 fY = 22 [1-(08333/45) = 3.276x10° m/s

" 0073

= 573.80

A design could be a=9mm, b = 3mm,

Prob. 124 ab =3 > a=3b
u' u' 3x10°
Sow = s ——» a= T = 3%18%10° m =0.833cm

E—— e e
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A 00
= T s n

u  6975x10°  EES
Prob. 12.8

= %'\/(m/a)z+ (n/b)’

fcll = chJ —_—

9 1.1 b
Yiay T 9

a=132cm, b=3.75cm

Since a < b, the dominant mode is TEy,

c 3x10°

Jeor = 35 = 253750107 - 4 OHz< f=8GHz

Hence, the dominant mode will proprogate.

L4

<" 4b 4x3x107

i
3771- (15.81/159.2)

= 3751

Q

" =

|Ef+|E,f

- ys'
e 2N 1y
B E,
2/14

3w ——> . 3¢ 9x10°
Soos = 2b T 2f,,  2xI2x10°

%\/(I/a)J +(1/b) = 5;—\/9/1;3

=375 cm

3x10° I
= 4 = = [4+ 36 = 158] GHz, f=2m—n= 0

2n

12

Prob. 129 E. # 0. This must be TM;; mode (m=2, n=3). Since a=2b,

=159.2 GHz

[( 27 /a)’ cos’(2nx/a)sin’ (3ny/b)+ (3n /b)’ sin”(21x/a)cos’ (3ny/b)]a
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S-"c
i
"—;

5= | I .o dxdya,

x=0 y=0)

_BE] 1{47: 91[J BE’

2h™n 4 b’ )" 8H'N 1y,
But
® 10/.’
B=—yI-(f./f) =
c 3 10*
, 417 91’ I0n’
pe I IO 1098x10°
a b b°
(3.317)’x10°x25

S
5o
LN
+
N
g

™ = 8x(1.098x10°) x375.4 ===

Prob. 12.10 (a) Since m=2 and n=1, we have TE,,__mode

®) B=B'yI-(f/f) =0 Jhe,yI-(0 /0)

Bc=yo’-0’ —> 0 = Jo’-p’

[+

144x9x10'
/.= ‘;—— Jf \/36 10" - +n’§-— - 5.973 GHz

377
97812

€) Ny = ] = =3
CI-(L ) J1-G973167 =

(d)For TE mode,

E, = El)—-—(mn/a)H sin(mnx /a)cos(nny /b)sin(ot - pz)

X

H = ;ﬁ (mn /a)H, sin(mnx/a)cos(nny/b)sin(at - Bz)

B=172 m=2n=l

E, = —hﬁ(m/a)ﬂ H.
E, op 27:x6x1()"x47rx1()'- .
N = [—{’:: T: 12 = 41°x100
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H £ > 1.267 mA/
"Ny nixigp " 0T MAM

Prob. 12.11 (a) Since m=2, n=3, the mode is TEy;

2 2 k]
® b=~ = LGy

But

H_ = -1267sin(mnx/a)cos(ny/b)sin(wt-Pz) mA/m

3x10°

2nx50x10° \/1

= - / 7= .
f 3210° 46.19/50)° = 400.68 rad/m

y = jB = j4007 /m

' 377
c) n = 1 = = 985.30

JI-(f1 1) \J1-(46.19150)

Prob. 12.12

(EI'+1E, | Ydxdy

"o
E
"
N|,\_
Q!—..°'
Qq..__‘b

= E -’[—+ —](a/2)(b/ 2)

0

b} -l
Moy b

f.= %\/(m/a)z +(n/b) = S5 J(2/286) + (3/1016) = 46.19 GHz, f= 50 GHz

L., (S
+ —,Ism (nx/a)dxjcos‘(nx/b)dv]

N,
But ‘
‘JB /8=
E_ = e —5—(n/a)H, cos(nx/a)sin(ny/b)e”
E, = —_j—B(n /b)E, sin(nx / a)cos(ny / bye ™™
1 p’r’? 15 ’
P, = E,’[—5 |cos’(nx/ a)dx | sin’(nx /b)
My K azb[ (')[ Y
b.—
/ [3 T
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2

2 2 2
, oot a+b
Note that 4" = —+ T

a’b’

5 =

S
S

BJE”.’ a3b3

P ki k] bl
SNy @ tb

ave

Prob. 12.13 (a)

fo= SNmi) (/) B = 1= (£ fY

u' A
S0 /= A= 21/ =
N ST N T

(b) If a=2b=2.5cm, f, = ua\/m +4n’ . For TEy,
3x10°

3x10"
——————JI+4=1342 GHz, u-= = 4.06x10° m/s
Je= 2x25x107 J1-1342/207 ———
4046x10°
=ulf= 00x10° - 2023 cm
For TEy, ¢
3x10* 3x10°
fo=e—2 __[4v4=1697 GHz, u-= ad _ - 5.669x10° m/s
2x2.5x10 J1- 16971200 =——
5.669x10°
A= u/f=W—2.834 cm

Prob. 12.14 (a)

f= %'\/(m/a)z +(n/b) =

«JI/I+4/ = 1803 GHz

2x 10'2

f=12f=21.63 GHz

) I-(f./ f) = JI-(1/12)* =0.5528

c 3x10" N
u, = ) = 05538 =5427x10" m/s
w,=uy 1= (f 1/ f) =3x10"x0.5528 = 1638x10" m/s
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Prob. 12.15
3x10* 5 ; ; ]
1= x2 J(m/0.025) + (n/001)* = 15n’ + (m/ 2.5)° GHz

fci0 = 6 GHz, foy0 =12 GHgz, o1 = 15 GHz.

Since fe0, foj0 > 11 GHz, only the dominant TE;o mode is propagated.

u i l
2 - =119
@ = JI-(L 1Y I-@6/11y° —

~

&

(b) 7"= 1-(6/1D)° =08381

Prob. 12.16 Let F=I-(f./ ) = JI- (16/24)* = 07453

, | 3x10° 8 u' , p P
u='ﬁ= \/},_2?,:24”0 , up=;:, u,=u' F= 2x10" x0.7453 = 1.491x10° m/s
=n'/F = —-'3—71——- 337.202
Mo = N0 = T 507453 - 24

Prob. 12.17 In free space,

3x10°
== -3 GHz

Mo _° .
VETImG Y e T 2a 2x5x107
I LAy

"’ JI-(318) '

1207 c

T"I ul
= T ——— ‘= :801(, c:——-,u’z
VTG V223 Je= 2=

f 3x10° 2 GH S0 8262
= = z, = —p———— = 82,
©= 2x52107°4225 I 2re)y

_n. 8262- 4067
r= = —0.662
n,+n, 8262+4067

M| 1662

- - 91
-l 0338 ==

~

+

s
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Prob. 12.18 Substituting £. = R@PZ into the wave equation,

9Z d

+RPZ"+k’ROZ =0
p dp

——(pR')

Dividing by R®Z,

!l d o z )
2o 2o PR+ o5k = = -k’
Rp dp P ®p :

ie. Z"-k.2Z=0

] ( R)+ ¢n
Rodp op’

+(KP+k7)=0
.p_i ' 2 2 2__3:_'__ 2
de (pR)+(k +k: )p - ¢ - k‘

or

O"+k’® =0

d
p Zi-p—(pR')+ (k- k,’)R=0, where k' = k’ + k.>. Hence

p’R"+pR+(k’p’ - k,)R=0

Prob. 12.19 ‘

|Exs|2+IE s|2 0)2}121[2 .

ave zn . a. = Zn b’h* H02 sin’ ﬂy/ba__

o 2“ 21[2 a b

_ — 2 : 2

Pave - I Zve'ds— 2‘] b2h4 I{O x;[)y!o sin ﬂy/bdXdy

® "p ’
ave = ‘?nb h H b/2

But A’ -(m't/a) +(na/b) =

3",4
ts

1

I
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2

a 0_2)2 + j9A748 = 002344+ j202.14

\/ 139556 21+ ——=

o= 0023-/4 Np/m

2R, [(b/a) +1J 2x2.858x107° [ (1/8)+1J
by’ JI- (1) L@1aY' + 1] 1072(233.81)1- (104/12) LU/ 4) +1
a .= 00441 Np/m
c

Prob. 12.21 ¢ _=¢'-je''=¢- jm_
Comparing this with

e.=16c,(I- j10™)= 16¢, - jl6¢ x10

g
e =16¢,, o= 16¢ x107"
For TM3; mode,
u' m2 nz 12
[ b—z} =4193 GHz, f=11f =4.6123 GHz‘

-9

36n

6 =16e,0x107" = 16x2xx4.6123x10° x x107 = 4.1x10™"

p «
'= - = 0
! ‘/e 30m

on' 4.1x107' x30n
o = =
CAfI- Y NI-1/112

= 004637 Np/m

1
Ee " =08E, —> z= Tln(I/O.S) = 4811 cm

d

Prob. 12.22 For TM;; mode,

2R

a. = -
o I- S
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2R I b ,
(b)  agpp = ‘ ["*’ Z(ﬁ /f)J

by 1-(f.1 1) L2

R - i ) \/nx5x109x4n:\¢10'~ = 3796210
V. 137x10°

= 25954

=
it
w
.ﬁ]’n
~iEN
~

, 15 )
2x3796x107°[0.5+ ——=(4.589/5)"]

o, = ) - 005217 Np/m
1.5x107(259.54)\ 1 - (4.589/5)’

Prob. 12.25 For TE,; mode,

- ZRS lii*,é(“fi)?]
b I-(L/ L2 a S
But a=b, R = ! = il
cd o,
[nfi 1, ey
a,= ’ O [i+(1"—)2J=k‘/7[2+(f)}
Cai-( 2 S - fy

L4

where k is a constant.

f

f)‘]'

Lzuzl -//2_;?_ 2 -5/2_&1 12 2 =302 PN
do, MU= COVIGI SR SIS L2 U

df I-(f.1 1Y

For minimum value, ‘?7‘ =0. Thisleadsto f=2.962f.

Prob. 12.26

I S .
a = k,|[————, where k is a constant
I-(f.1f)




345

fJ/."

S —
N
da

2 2 3 1i2 3/2 / /
12 _ 22D e
=k\/f JE S 5 s
df f- 5

. (X C g .
For maximum a,—~- = 0 which implies that

af

3
(f2- fcz)-Efm‘ =0

or
/A3

Prob. 12.27 For the TE mode to z,

E.=0,H, = H,cos(mnx/a)cos(nmy/b)sin(pnz/c)

Yy 9E, jou 0H,
ys anary) + 2 =
h° dy h° 0x

{0)
- Jh 2}1 (mn /a)H, sin(mnx/a)cos(nny/b)sin(prz/c)

as required.

Yy 0E, jop dH, jop
Ex.v =-77 — - 3 - = 3
h° 0x h dy- h

(nn / b)H, cos(mnx / a)sin(nny /b)sin(pnz/c)

From Maxwell’s equation,

0
-jopuH =VxE ={0x Jdy Oz
E, E, 0

s

!
== (mn /a)(pr / c)H, sin(mnx /a)cos(nny/b)cos(prz/c)
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For a rectangular cavity,

W=k’ + ky" = (mn/a)’ + (nn /b)’

For TM mode, H,; = 0 and

E_ = E, sin(mnx/a)sin(nny/b)cos(pnz/c)
Thus

_ j(l) 8 aE.‘S
xs hJ a},
as required.

= j:_,g (nn /b)E, sin(mnx/a)cos(nny/b)sin(pnz/c)

g oo d0t 0E, y OH,
" p ax K oy

= - j’(;)—_,s (mn /a)E, cos(mnx/a)sin(nny/b)cos(pnz/c)

From Maxwell’s equation,

9 0 &
joeE, =VxH =10x 0y 0z
H, H, 0
g - LM L by i0E, si / /b)si
5 ee 0z TR (nn /b)(prn / c)E, sin(mnx / a)cos(nny / b)sin(prz/c)
Prob. 12.29 ‘

A\l

= %J(m/a)z + (/b)Y + (plc)

where for TMmodetoz, m=1,2,3,..., n=1,2,3,...., p=0,1,2,....
and for TEmodetoz,m=1,2,3,..., n=1,2,3,...., p=1,2,3,....

(a) If a<b<c, l/a>1/b>1/c,

- =

Tt

S
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Hence the dominant mode is  TE,,;

(b)y If a>b>c, l/la<l1/b<ll,

/ I 1
The lowest TM mode is TM o with f = 1‘_ a—2+ pE
) ) u [ W f ! ]
The lowest TE mode is TE,y; with f== —+ <y T
2 cc 2Va b

Hence the dominant mode is TM 110.

(c)If a=c>1/b, l/a=1/c<1/b,

"1
Th~ lowest TM mode ic TM, o with f. = X ?

+

. ) W (11 w1
The lowest TE mode is TE o, with /= 3 ‘/az + p < 5 \/ag + E
Hence the dominant mode is TE,q.

Prob. 12.30

£, = 15x10°(m/3)’ + (n/2)* + (p/ 4)° Hz

Soawor =150+ 174+ 1716 = 8.385 GHz, etc.

The resonant frequencies are listed below.

Modes Resonant frequencies
(GHz)

TE 01 6.25

TEo 8.38

TM 10 9.01

T™ 9.76

Prob. 12.31 b=2a, ¢=3a

[

- %\/(m/a)f +(n/2a)’ + (p/3a) .ad=

N
(%
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u' 3x10°

o = 3.162x10°
2a~ 22sxixiol o 16%x

f,=3.162m’ + 0’ [ 4+ p* /9 GHz

Mode f: (GHz)
011 1.9

110 3.535
101 3.333
102 3.8

120, 103 4.472
022 3.8

Thus the lowest five modes have resonant frequencies at

1.9, 3.333, 3.57°, 3.8, and4.472 GHz

Prob. 12.32

f = —‘;—Jua’u/c’

For cubical cavity, a=b=c

u' u' 3x10°
L _ - 10.6] mm
/r 2a V2 a V2f,  2x2x10°

a=b =¢ =1.061 cm

Prob. 12.33 (a)

f = %'\/(m/a)z +(n/bY +(p/c)

a=b=c=32cm, m=1, n=0, p=1, u"=c¢

3x10° \/Z—ﬁ
—— NI+ 0°+ ] = 6.629 GHz

T 2x3.2x107 222 0L

| 3.2x107 , : '
Q=%,/7tf,,,,,p,,ct. - Yj Jrx6.629x107 x42x107 x1.57x10
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Prob. 12.34

= —m
" 2a

The lowest possible modes are  TE;o1, TEo11, and TMy10. Hence

y c 2 c 3x10° 5071
= — a= = =7.071 cm
" 2a f,\/.? J2x3x10°

a=b =c=7.07lcm

Prob. 12.35 This is a TM mode to z. From Maxwell’s equations,

VsE, = - jopH,
0 0 0
/ = — — i [ OF. OE,
H =-—VxE = e dy 0z = "]—(——-a =a, - e = ay)
JOu Ol 0 E_(x,y) o\ oy X
But
1 107

. . 1
E_ = 200sin30nxsin30n y’mp = 10 el 24n

107
H = 124n x200x30n {sin301tx cos30nya, - cos30nxsin30nya}_}

H =Re (H; ™)

H= 2.5{— sin 301.x cos 301 ya, + cos 30nx sin307tyay} sin6x/0°nt A/m




350

CHAPTER 13

P. E.13.1

3(%00)2 A

max T, ST 5000

r=—§- is in far field

JjI Balsinge’™ e m
A

A
= S=720
(a) H, :

¢ Anr ’

2nc_2nx3x108_
o 10¢ -

A= T

(025)( )—sm30° i
100 = 0.1652¢"" - \/m

H
" 4n G2

H=1Im (H.se"‘”,,,) Im is used since I =1I,sin wt

= 0./6285sin(10° + 18°)a, mam

(b) B=%§t—200k =0°

(0.25)(——)———Sm60° s .
H,, = =02871e’" pAm
4n(6 n x 200)

H= Im (H,a,e’) =02671sin(10°+ 90°)a, pim.

(€) Prag = 36.56 4, Ppyg = é(0.0833)236.56

=126.8 mW.

(d) Z;,=36.5+ j21.25,
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365+ /21.25-75

- - 0387 3°
365+ j21254 75 0387441403

_1+03874
Y 1-03874

)
DN
U

2

|

P. E.13.3

4l

D = max

Prad

(a) For the Hertzian monopole

U@®,6)=sin’8,0(0 ( g 0( ¢ (2n,Unax=1

"z i .3 A
= j I sin” sin0db dp = Kl

0=0 ¢=0

P

rad

(b) For the -Zi monopole,

cos’ (1 cosf)

U®,¢)= s Umax = 1

sin’ 0
n
2
sin’ ©

£os0)
-sinfdbdp = 21(0.609)

% 22 cos’(
Prad =

8=0¢=0

_ )
"~ 21(0609)

(N

|

2

Co

P. E. 134

(@) Prag=n,P, =0.950.4)
D- MU, 41(05) /6.5
TP, 04x095 ==

47(0.3) _ 0.9
03 =

oy

+

(b) D=
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P. E.13.5
V2 2 2
Po= | [ sin0sindcbb =, Upee=1
o 8=04=0 2
n(/
D= n_,(/)= 546
/2
P. E.13.6

(@) f(0)= !cos@lcos{ré([}dcose +a )]

2n A
where a=n,pd=—.—=n
n, Bd 7

f(0)= [coselcos{é(n cosf + n)}

J I

unit pattern group pattern

For the group pattern, we have nulls at

%(cos9+1)=% — (9:’72

and maxima at

%(cosﬂ +1)=0 ——3p cosO=-1

L4

Thus the group pattern and the resultant patterns are as shown in Fig.13.15(a)

(b) £(8)= |cosO|cos[-§—(BdcosG +a )]

where a=%, Bd=n

()= Icosﬂlcos{é(n cosf - %)]

il

unit pattern  group pattern

For the group pattern, the nulls are at

7%,(cos@— l)= t%.i 3%

0 =1750"
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and maxima at

cos6—-7/=0

P. E.13.7
(a)

N

1

>

J

.i/.%‘

<> ‘—Pe—

ﬂ 1:2:1

X X
+—>

%

1:2:1

6=0

Thus the group pattern and the resultant patterns are as shown in Fig.13.15(b)

Thus, we take a pair at a time and multiply the patterns as shown below.

The group pattern is the normalized array factor, i.e.

1 N(N-1 N(N-1)(N-2
(AF), = Z— I+ Ne' + —(T—)-e'zw ( 3)'( ) e b, +e'V ‘

N-1/ N(N I(N-2)
where Z Z( ]-1+N T T Fooeren,

=(1+nN' = 2N

- ; i IN=T
N/ I | /| -iv v/ |
(AF), = '\/|I+ WI = oNT |t “le /3+e/2
] N-1 N1
= ZCOSE' = cosi
2 2 2
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A=—GGCG,, r===
/4 f 10t
dipole,

For the Hertzian

G, = 15sin’@

2

A, = ;(1.5sin*’9)

y 15V 15x9 1074 m?
= = = /. m
emx n 4n —_—
By definition,
P 3x107°
P, = AeP, Pre=—1=
P Ame e A, 1074
= 2793 yW/m’
P. E. 13.9
21E
@@ G _4nr’P, _41" 2 n _2nrlE?
/ Froa Froa UL
6 -6
=21tx400x10 x 144 % 10 —2/6

120mx 100 % 10°

G=10log,, G, = 3.34dB
®) G=1,G, =098x216=2117

P. E.13.10

1

(4n)’ P,
8
where k:—c—=3xmg =005m
6x10

A =07ra’ =07n(18) = 7.125m’

44, 4n(7.125)

- - = 3581 10°
A 25x10°

G‘]:
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1)
R EL 107 x(3.581)% x 10* x 5x60x 10° Z
(4m)° x026 x 1073
= 1270 m= 0857 nm
At r = ’m% =635m,
p_ Gabus _ 3581 10" x 60x 10° 24 W/ et
Codnr? 41(635)’ e
Prob. 13.1

Using vector transf~rmation,
A, = A,sinBcosd, A, = A, cosbcosy, 4, = A, sin$

-JBr

A = . (sinf cos¢a, + cosb cosa, - singa,)
Vx A -100cos0 sin¢ . 50 . . . - or
o H = 77 sind e’Ma, i (sinb + jPr)singe "q,

Y R Yo IP
- = cosO cos¢(/+ jBrie " a,

At far field, only ! term retnains. Hence
r

-j50
H, = / Be ¥ (sinda, + cosh cosda,)
- j50Bne®"
E.=-na,x H_ = %—(simﬁa‘ - cosf cosday)

-50
H= Re[HSe’"'] = Tr_ﬂ sin(o? - pr)(singa, + cosb cos¢a,)

E= Re [Exe’“" ] = sin(of - pr)(- singa, + cosb cosa,)

n
e —
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Prob. 13.7

This is a monopole antenna
c  3x10®

fo1sx10%

I{(x ,hence it is a Hertzian monopole.

R --1—80 3(5{{)2—40 ( 1)2—987 Yo,
rad — 2 T )\ n 200 = Y. m
l
Prad = 'Dr =5’0Rrad
1*’—2P'— 8 = 810.54
° "R, 987x10°

1,=28474
Prob. 13.8

Change the limits in Eq. (13.16) to + ¥/ i.e.

pl g/hcos ( JjB cosO cospr + B sinBt) v,
%

4 =
' dnr -B?cos’ 0 + B’

_ple"” — s(-—- 9) cosb co B—lsn(ﬂ 9)
= o Bsme sm co cos 521 2cos

But B=pH=Vx4

1190 04,
H‘s = ;[5‘;(’/‘9)‘ ) },

where A4 = - A.sinb, 4, = A.cosb

oy ool o) - ool o]
= o r- T _ L L o - JBr
H,, 2tr B \sing sin co cosb | - cosf cos 5 sin{ cosf t e (e

! .
For far ficld. only the —-term remains. Hence
s
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. Bl S(Bl )
i sin —cos — cosf
_ j[o e-/[}r[ 2 2

- cos®f césg—si
2

%[cose)}

¢ Dnr

(¥ s - co”
CO 2COS C052

sin@

(b) f(6)=

cos(n cosf) + /

For /=1, f(8)=

sin@

sin@

-0.8

0.5

o e
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3n 9)
co§ ——cCos
3A 2
Forl=—,f(8)= ————
or 2 /®) sinf

cos(2n cosf) - /
sin0

For =2\, f(0)=

Prob. 13.9

(a) From Prob. 13.4,

m/
Ey, = %Ble_m' sinf , H,, = nE,,

o

—_— . o -
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Prech. 13.10

@ Puy= I P.0s = P, 2nr’ (hemisphere)

P.  200x10° s
=—tad _ = [273uW /m
™ = onr?  2n(50x 10° "

P =1273a, yW/m’.

= J20P. =\ 240mx1273% 107

‘

= 0098 V/m
Prob. 13.11

8
_ 3Ix10 —3m

c
a) A=—
(@) f 100x10°

nnl,S / E_r\’
e D SR

max r)\z 0 nn S

/- 50x 107 x3x 3°
© T 120m71(0.2)7100

= 9071 pA
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Prob. 13.13

1 =54, the plot is as shown below.

For /= 3% and /= A, the plots are the upper portions of those in Prob. 13.8(b). For

05

0 45}

0 4]

o3

02

015}

015

Prob. 13.14

_ 25 sin’ 20
ave ~ 2“ a = zn r2 a,

25
P = 3; ”(2sm6 cosG) sin@dd db

Prob. 13.15

f(®)= lcose cos¢|
For the vertical pattern, ¢=0 ——p

25
P, = 240 (2n)j4sm 0 cos’ 8d(- cosf)
120} I(cos 0 - cos O)d(— cosf)
) 25(c0559 cos’())'_ 25( 2,2
T 120\ 5 3 )|, 120\ 5 3
4= 5555 mW

3

f®)=

|cos8| which is sketched below.
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Prob. 13.18

; -Jpr 9_{ ) _ B_l
Jnle [cos( 5 cosf | - cos 5

From Prob. 13.8, £, =

For [:k’.B—Izﬁt.
2 A

2nrsing

A
2

_ n]o[cos(n cos0) + 1]

l b 2nrcosd

_ cos(n cosf)+ /
B sinf

£,

E

0s

f(9)=|

max

It is sketched below.

-0.8

Prob. 13.19

ml pdl
(@) Ey, = %sinﬁe"“’

Sfdly’
Ryuy = 8077~
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2 ! 2
47tr2Pave Inr .EIEOJ'
G. = P - / 2
rad EI«).Rrad
At (L) 1 n°1,78%(dl)’ sin’ 6
C 17 80n’\dl) Ty 16n°r°
G, = 1.5sin’ 0
(b) D= GQ max £_=
© 4 A2 G 1.54% sin’ @
C — - ————
¢ 4n ¢ 4n
1 2
d) R, = 80n~(3) = 3.084
Prob. 13.20
120n%1 S
E - o . -JBr
€)) " " Y sinfe
320%°S?
Rrad = }:‘4
2
_41U@®,9) 4nr’P,,  8nr 1 |E,
a=p T T 1?7 n R,
rad -2_10Rrad o n rad
8nr’ 1 I1°S’? A?
= —.144007n"* % —sin’ ) ————
17 gq 00T s s
G,=15sin’0
(b) D=1.5
(c) A-}“?G"—x—’w‘?e
¢ ¢ dn d4n s
@ S rd’  320%°
: =qd" = ——= 3
4 (576)°
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Prob. 13.21

R = ,S:

ac S na

R - [

“ gna’

P A
!~ ac—za dc_za

[

2
ona

_ /nfp_ nx15x106x41tx10"_ 3
Now § = 5 -\f 58x 10 =10Ix 107 m

Alternatively, since §((a, current is confined to a cylindrical shell of thickness & . Hence |

i
Ry = Rec = o (2na)s

3x 10°

Ao
T2 2f

10

2x 15x 10°

= 10m

= 0.020902

R,

R, =730
Ry 73
VSR _VR 730209

= 99.97%

Prob. 13.22

@) Unpax=1

- # [ [sin? 20 sine B dp

2

- Iln—(zn)j(ZsinO cosf) d(-

0

T 2x10IxS8x 10 x nx 1.3x 107

cosf)

= 2I(cos’8 - cos’ 8)d(cosh)
)

f
l
[
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_2c0550 cos’ 0 ||«
- 5 3

,/1 cos” 6 u =1
=In/- lnTg'=ln3
Uave = 1.099
D= Ui —-4———3 41
U, 1099 =—
U =—I—jud.Q ! ”25m 0 sin’ ¢ sin® D db
™4 4n
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10V
= Ism —dd> I(cos 0 )d(- cosb)
¥ ;
10 °¢ 1 cos 0 ||
= !E(l-coscj;)dtb(— 3 J’)

- 222 4o+ e

Uppe = 01514

U )
G max = = 66.05 cos’ 8 cos’ %

ave

D= G, . = 66.05
Prob. 13.24

@) Py = =3— l
1 cos
16“ or I r? sinfdb db
004( i ) )
= 7677\ 220m (2n)jcosed(—cose).10
004 106[ ces5e]x_ 10 2
T 1677 120 5 Jlo 480n%°5
P, =08443 W
#U(0,9) 4B,
®y s Pui P
_ , 004cos’® 10° 12n°
ST TR 240% 100

G, = 35cos’0

Since cosh)’ = %
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(d ) The group pattern is sketched below.
2,

?rob. 13.27

(a) The group pattern is
f(0)= co{é—([)dcose +a )]

f@)= cos{-;—(zf—.%cose + %)]

= cos%(cos%(cose + 1))

cos%(cos@ +)=0—> %(cose +1)=+

T 3n
e
27 2

orcos@=/—""""P» 0=0

Maximum and minimum occur when
d

£ cosZ(cosd + )| =0
QECOS4COS+ =

. . X
sinf sm:(1+ cosf) =0

sin@ =0 8=~/ or 6=180°
Alternatively f(8) can be plotted using Matlab or Maple.
The group pattern is shown below.
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-08 06 -0 .4 -0.2 0 02 04 08 os

Prob. 13.28

1
7(8) = cos{z(ﬂdcosﬂ + a)}
2n

(a) a=%,Bd=T.k=2n

f(0)= cos(n cos6 + %)

T 3x
|| t 0+ =t —t— . =75.5°,1386°

Nulls occur at = cos +/4 5 or o

Maxima occur at —g%=0 ——P sin@ =0—» 0=0°180°

n >
Or sin(n cos+ ;) =0 0 =414°,104.5°

With £, =0711.
Hence the group pattern is sketched below.
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(©) a=0pd="% 3t 3%
€ a=0 r 42
3
f(8)=lco —ncosej
3 3
It has nulls at 7"cose - %,x —25—> 0=482"1318"

3
It has maxima and minima at E = () - sin@ sin(%cose) =0

ie. 6=0°180°- f(8)=0711

08

0.2}

0.4}

0.6

-08

Prob. 13.29 ‘
(@) ForN=2, f(6)= cos[é([}dcose + a)]

a=0,d-=

f(9)=c0{

N~ w >

CET) RC
z .4cos = CO 4cos
Maxima and minima occur at

4 5(1 9) 0
s co 4cos =
T
sinf sin(—cose) =)
4

sinf=0-0=n.and f(8)=0"07

-
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= cos(lcosf)) co{lcose)
2 4

The plot is shown below.

Prob. 13.30

(a) The given array is replaced by @ A B

where + represents > 9

V2

Thus the resultant pattern is obtained as follows.

L4

Unit Pattern group pattern resultant pattern

4+—>
(b) The array is replaced by by @ (&)

£0° AL

4
where + stands for S ge—— p @

20" 4%

Thus the resultant pattern is obtained as shown.
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Prob. 13.31

A'Z
A, = :};Gd
where G, = dnu InlU
ave r,ud
nnIoS . ~JBr
But E, = —r}?—smﬂe /
e 12
Uerp o 'E, nn’l’S?sin’
=7 = — =
e 2n A
n’l°S’
Py = [ P,.aS= -n—k;’——“'sinjﬂaeﬁtt

nn’r,’s? 4
= —}\4"—(21t)(}) «

nn’l’S?sin’@

3s' 29
= =sin
2

AXC0= N
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Prob. 13.32

_ 2x 1207 x 2x 107° 487

5 = = 06031
25x 10°x 10°° 250 =3
Prob. 13.33
A’ A’
(a) Acr = ;Gdr’ Acl = :;;Gdl
2’ an an A’
P = Gerdz(m) F = (F Aer)(*iy Ael)(m) F
Pr j’érAe{
or 7);‘ = ——lzrz
A, A A2
(b) Prmax = Azrzd P{ ) Acr = Act ='4—1;(1.68)
_e_3x10° _
[ 100x10° ’
(o) so) o o
T\ (10°) wds
Prob. 13.34 ‘
2
P =Pd=P2G,
In
22
Pr,max - PI _4_1;Gd,max

But G, e = D= 164 and

E’ 3x10°%
I)l = — }\, = E- = X ps =

n f 60x10
, EXWD 9x107% x25x164
Pr_m.u = =

8nn 8n(120n)

= 359 nW

4
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Prob. 13.38
Gy =25=10log;)Gy —» G, =10"° =316.23
Gy =107 = 1000

! 3x10*
dnx15x10° 15x 10°

P =316.23x 10-‘( J =712 mW

Prob. 13.39

2407[}’,.‘,(16‘1

E’ PG
(a) 1J’=,_'_=M__,|E’|= x

2710 41["2 4nr

/ !
|E:| = :\/60'%404 = W\[WXZOOX 10° x 3500

=1708 V/m
®) |E —‘/IE"ZC’ —J 1708 X8 1136 wVim
AN anr? T Nnx 14400x 10° - =2 F
1708
P =Po = 8)= 309 W
(c) P=Po 240n( )= 30.95m
|EF  (11.36)°x 107"
d F=-—-= =1712x 107" W/m’
( ) I 2“0 2401[’ 12)( m
_3x10° — 02m A MG 004x3500
CUsx108 T U T 4m T
P=PA, =1712x10"" x1114=1907 x 10™"?
or P~ (AG,) 0Py (02x 3500)* x8x 2 10°
T () (4n)° x 12* x 10"
=191x 107" W

Prob. 13.40
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=6, ) (00 =2) 0

nr anx10°
=0.1267 uW
Prob. 13.41
2 3y
Pr : (;\’Gd) jol’md - [),ad _ (47[) rZP,
(47{) r‘ (A.GJ) (o]
8
S 30 L 250m
f 6x10° 20

40 =log,;, G; - G, = 10°

(47)*(025x 10°)" x 2x 107

] 2
(— x 10‘) x08
20

Prad -

Prob. 13.42

p o4t (4nr,r2)2£
rd GuGar °

A
But G, =36dB=10°% = 39811

Gy = 20dB = 10° = 100

vy =3km, ry = 5km

P . =
rad = 3081.1x 100 6x107° 24

= 1.038 kW

o (4“ 15x 106)28x 107"
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CHAPTER 14

P.E. 14.1
g = 1+0.4_ E 5333

' 1-04 06 T

_1+02 _ 1_2_ _ 15

° 1-02 08 —
P.E. 14.2
(a) By Snell’s law, n;sin 8= n;sin §,. Thus

g 27 900 sin 4 2=

—>
sin @, =nyn;, 6,=sin""nyn; = sin ' 1.465/1.48 =§1.83°

(b) NA = n? - n,? = 148% - 1465 = 021

P.E. 14.3
a1 =101log P(O)YP(1)=02X 10=2

P(0)/P(l) = 10°2, i.e. P(1)=P(0) 10%?=0.631 P(0)

ie. 63.1%

Prob. 14.1 Microwave is used:

(1) For surveying land with a piece of equipment called the tel/lurometer. This radar

system can precisely measure the distance between two points.
(2) For guidance. The guidance of missiles, the launching and homing guidance o1

space vehicles, and the control of ships are performed with the aid of microwaves

(3) In semiconductor devices. A large number of new microwave semiconductor
devices have been developed for the purpose of microwave oscillator,
amplification, mixing/detection, frequency multiplication, and switching.

Without such achievement, the majority of today’s microwave systems could not

exist.
Prob. 14.2 (a) In terms of the S-parameters, the T-parameters are given by
Ty = 1/Sa1, Ti2=-82/821, Ta1r =S1/Sa1, Toa =S12 - Sii S22/Sy
(b) T, =1/04=25 T;;=-0.2/04.

T,1=02/04, Ty»n=04 - 02x02/04=03

&

doe o .

|
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Hence,

. 25 05
T 1-05 03

Prob. 14.3 Since Zy = Z,, 'L =0.

I i=S|| '—'033—[&
Ty =(Zg-Zo) (Zg +Z,)=(2-1)/2+1)=1/3

Lo=5n ~SpSylg (-5 i, )

5

= 0.4 —j0.62 + 0.56x0.56 x(1/3)/[1 - (0.11 — j0.05)]

= 0.5571 - jn.6266

Prob. 14.4 The microwave wavelengths are of the same magnitude as the circuit
components. The wavelength in air at a microwave frequency of 300 GHz, for example,
is 1 mm. The physical dimension of the lumped element must be in this range to avoid
interference. Also, the leads connecting the lumped element probably have much more
inductance and capacitance than is needed.

Prob. 14.5
3x10°
A=cf = 84r10° 3.571 mm
Prob. 14.6
+ I ‘ IR
e +
T—C
v
R

ic + ir=0; hence Cdv/dt + v/R=0
or dv/v=-dt/RC
sothat Inv=-tr +inv,, 1 =RC=125x10"x2X10*=0.5 x5

v =veel T, v(0) = v, = 1500
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5

V,

. ) - 125x107" )
i = Cdv/dt = C(-1/1) vee¥T = YT x 1500 e’
= -0375¢YTA, r =05 us
Prob. 14.7
Z, I
B V4 NG
+
& |
C D
By definition -
Vi=AV,;-Bl (N
I = CVz - DI, (2)
We eliminate I; and I,
Vg= V; + Zgh or I} = (Vg -V )/Zg (3)
V2 = - ZLIZ or Iz = - Vz/ZL . (4)

Substituting (3) and (4) into (1) and (2) and expressing V| and V; in terms of V, , we

obtain

AZ + B+CZ,Z, + DZ,
Z,+2,

IL=20log V,/V, = 20log)o | I

Prob. 14.8

l 10° '
@ R = ¢ = 096x10- x61x107  12L3m /km

(b) Ry = 7a®=08x12=0.96 or a=0.5528

R
owo’
I S ! 1
Jrfuo  JrX6x10°x4rx107 x61x107  127x10°

. 1000x122x10° o
7 12410 x61x107 T

g

Zy
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Prob. 14.9 1
3x10*
X~ 1428

= / = —
n=Cln = 50%00° ==

Prob. 14.10 When an optical fiber is used as the transmission medium, cable radiation
is eliminated. Thus, optical fibers offer total EMI isolation because they neither emit nor

pick up EM waves.

Prob. 14.11
(@ NA=n’-n’= 1627 - 1604’ = 0.2271

(b) NA =sin §,=0.2271 or 6, =sin~' 0.2271 =13.13° '

nd nx50x107°x02271
V="-NA = = 27.44
© A N 1300x10°° 2 1

N = V%2 =376 modes

Prob. 14.12

d 2.5x107°x2
@ V= ”7 ne-n,? = 1‘—"—;‘—3‘—— 1457 - 12 =12.69

(b) NA = yfn? - n,2 = V1457 - I* = 1.05 |
(c) N=V22 =80 modes |‘

Prob. 14.13 |
(a) NA =sin 8,= yn? - n,> = V1532 - 145" =0.4883 !
6, =sin ' 0.4883 =29.23°

(b) P(yPO) =102 /10 — 1g0X510 - g 63

ie. 63.1 %

Prob. 14.14

\O

.584 mV i

|

p(l) — P(O) e—a /10 — loe -0.5 x 0.85/10 mW —

Prob. 14.15 As shown in Eq. (10.35), logjo Py/P> =0.4341nP\/P,,

1 Np=20logoe=8.686dB or 1 Np/km = 8.686 dB/km. b
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or INp/m = 8686 dB/km. Thus,

o0

a 10 = 8686 a 14

Prob. 14.16

P0) =P(l)e? """ =023 mW = 0.664 mW

Prob. 14.17 See text.
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CHAPTER 15
P.E. 15.1 The program in Fig. 15.3 was used to obtain the plot in Fig. 15.5.
P.E. 15.2 For the exact solution,
(D2+l)y=0 —» y=Acosx+ Bsinx
y0)=0 —4» A =0
y()=1 —» 1 =Bsinlor B=1/sin1
Thus, y=sin x/sin |

For the finite difference solution,

” — Mx+48)-2p(x)+ y(x-4)
y’+y=0 | A2 ty=0

or
yw) = 25 AZ)_’LAyz(x" 2 yO=0p)=1,4=1/4

With the Fortran program shown below, we obtain the exact result ye and FD result y.

DIMENSION
Y(0) = 0.0
Y(4)=1.0
DEL =0.25
DO 10N =1,20 ! N =NO. OF ITERATIONS
DO 10 I=1,3
Y() = (Y(+D) + Y(I-1) )/(2 0-
X = FLOAT (I)*DEL " ke
YE = SIN(X)/SIN(1.0)
PRINT *, N, I, Y(I), YE

10 CONTINUE
STOP
END

_DEL*DEL)

The results are listed below.

y(x) N=5 N=10 N=15 N=20 Exact
Ye(X)

y(0.25) | 0.2498 0.2924 0.2942 0.2943 0.2941

v(0.5) |0.5242 0.5682 0.5701 0.5701 0.5697

y(0.75) | 0.7867 0.8094 10.8104 ; 0.8104 0.8101 |
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P.E. 14.3 By applying eq. (15.16) to each node as shown below, we obtain the
following results after 5 iterations.

0 0 25
10.01 28.3
9.9 2847
935 2706
8 19— 25~
556 1902
4.69 18.95
0 o 0 .
12.05 28.3 44.57
_L8T 2847 4446
44 27.85 4426
176 2506 4248
234 19.97 375
—6- o o—
0
50
10.01 28.3
_989 2847
935 2785
3149 _2706—
“556 25
469 1997
o— ——
0 /50
0 0 25

potential at center as

P. E. 15.4 (a) Using the program in Fig. 15.16 with NX = 4 and NY = 8, we obtain the ;

T T mam——
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V(2,4)-23.80 V
(b) Using the same program with NX = 12 and NY = 24, the potential at the center is
V(6,12)=23.89 V
P. E. 15.5 By combining the ideas in Figs. 15.21 and 15.25, and dividing each wire into
N segments, the results listed in Table 14.2 is obtained.

P.E. 15.6 3
(a)

For element 1, local 1-2-3 corresponds with global 1-3-4 so that A, = 0.35,

P =0.8, P2=0.6, P3=-l.4, Q[ =-0.5‘, Q2=0.5, Q3=O

06357 01643 -08
C"" ={01643 04357 -06
-08 -06 14

For element 2, local 1-2-3 corresponds with global 1-2-3 so that A, =0.7,

P, =0.1, P,=14, P;=-15, Qi =-1, Q;=0,Q3=1

03607 005 -04107
C? =1 005 0.7 -0.75
| -04107 -0.75 11607

The global coefficient matrix is given by
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C(l)” + C”(Z) Cl2(2)

(N ) (1)
C, +Cy Cis

C= C2](2) CZZ(Z) CN(Z) 0
Cll(” + C}I(Z) C}Z(Z) sz(” + C33(2) C23(I)
C“(l) 0 Cﬁ(Z) C}}(l)
09964 005 -02464 -08
0.05 0.7 0.75 0
T 1-02464 075 1596 -06
-08 0 -06 14
(b)
4

!

For element 1, local 1-2-3 corresponds with global 1-2-4 and A; = 0.675,

P,=08, P,=-09, P;=04, Q=-0.5, Q:=15,Q3=-1.0

05933 -09800 0.3867
C? =1-09800 2040 -1.060
03867 -1060 0.6733

For element 2, local 1-2-3 corresponds with global 2-3-4 and A, =0.375,

Pi=0.1, P,=14, P3=-15, Q;=-1, Q;=0,Q;=1

03607 005 -04107]
V=] 005 07 -0.75]

-04107 -075 11607
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The global coefficient matrix is

(1) 3]
C C,' 0
1 i 2 2
) Czl( ) sz( ) + CII( ) Clz( )
C= 0 C (2) C (2)
12 22

h 4y (2) (2)
C3| C32 + C3| C32

1333 -00777 0 -1056

-0.0777 08192 -098 02386

0 -098 204 -0L06
-1056 02386 -106 1877

P. E. 15.7" wWe use the FORTRAN program in Fig. 15.34. The input data for the

region in Fig. 14.35 is a follows:

NE =32; ND = 26; NP = 18;
NL=[125
2

2
3
4
5
5
6 11 10
7
8
8
9

910 14
10 15 15
10 11 14
11 16 15
12 13 17
13 18 17
13 14 18
14 19 18
14 15 19
15 20 19
15 16 20
16 21 20
17 18 22

.o
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18 23 22

18 19 22

19 24 23

19 20 24

20 25 24

20 21 25

21 26 25];
X=[1025201.0152.00.0 051.01.52.00.0051.01.52.00.00.5 1.01.5
1.50.0 0.51.01.52.0];

Y=[000000050505101.0101010 151515151520 2020

202025252525 25 25];
NDP=[1 236 11 16 21 26 25 24 23 22 17 127 8 9 4],

VAL ={0.0 0.0 15.0 30.0 30.0 30.0 30.0 30.0 20.0 20.0 20.0 10.0 0.0 0.00.0

0.0 0.0 0.0];
With this data, the finite element (FEM) solution is compared with the finite

difference (FD) solution as shown below.

Node # | x y FEM FD

5 1.5 0.5 11.265 11.25
10 1.5 1.0 15.06 15.02
13 0.5 1.5 4958 4.705
14 1.0 1.5 9.788 9.545
15 1.0 1.5 18.97 18.84
18 0.5 2.0 10.04 9.659
19 1.0 2.0 15.22 14.85
20 1.5 2.0 21.05 20.87

o
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Prob. 15.1 (a) Using the Matlab code in Fig. 15.3, we input the data as:
>> plotit( [-1 2 1], [-1 0;02; 1 0], 1, 1,0.01,0.01, 8,2, 5)

and the plot 1s shown below.
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(b) Using the Matlab code in Fig. 15.3, we input the required data as:
>>plout( {1 1 111),[-1-1;-11;1-1;1 1;0 0], 1,1,0.02,0.01,6,2,5)

and obtain the plot shown below.
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Prob. 15.2

Exact solution: y =Ax+B
x=0,y=0
y = 10x; y(0.25)=2.5

Finite difference solution:

d’y  y(x+8)-2y(x)+ y(x-4)

dxl = AZ 0

or

y(x) = %[y(x+ AY+ y(x-A)],A = 025

Using this scheme, we obtain the result shown below.

I B=0; x=1,y=10 A=10

025 05 075

0
[teration
0 0 0 0 0
1 0 0 0 5
2 0 0 2.5 7.5
3 0 1.25 5.0 8.75
4 0 5.625 7.5
5 0 5.0 7.8125
6 0 5.3125 7.5

From this, we obtain y(0.25) = 2.5.

Prob. 15.3 (a)

dv  Vix, +Ax)-V(x —Ax)
dx 2Ax

For Ax = 005 andatx =0.15,

1.0

10
10
10
10
10
10
10
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dv_ 20134- 100 011
dx  005X2 —_—

~
~N

V. V(x +4x)-2V(x,)+V(x,- 4x) 20134+ 10017 - 2x1.5056 _
dx® (4x)’ ) (0.05)° )

~
('S
DN

which is close to the numerical estimate.
d®V/dx® = 10 sinh x. At x =0.15, d*V/dx* = 1.5056
which is lower than the numerical value.

Prob. 15.4

AV 1oV 8V

=0

The equivalent finite difference expression is

V(po + Ap’zo)_ 2V(po’zo)+ V(po - Ap’zo) + _I_V(po + Ap’zo)— V(po + Ap’zo)
(Ap)? Po 24p

. Vip,,z, + Az)- 2V (p,,z,)+ V(p,,z, - AZ)

(Az)? =0

If Az=Ap=h, rearrangiﬁg terms gives

1 1 h
Vip,,z,) = ZV(po,zo +h)+ ZV(po,zo -h)+(1+ g)V(p + h,z)

h
- ——W(p-h
+(1 2po) (p ’zo)

as expected.

Prob. 15.5

-0, (1)

|
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as expected.
Prob. 15.5

AV 1oV 1AW

Vi =

St Tty o =Y,
ap- pép p P

6‘:2!/' L“""an - 2[/',"" + Ll'ﬂl*ln

op? (Ap)?

C,?ZV and _ 2an + an—

op° (49)°
ﬁV V"rml -V m-|
ap'm™ " 24p

3

Substituting (2) to (4) into (1) gives

Vet = Vo V.

m+1

()

(2)

3)

4)

n 2an + Vm“n ernl _ 2an + an—l

Vi =
mA p(24 p)
(ap)° 2m” ™

as required.

Prob. 15.6

ViV e V4V, -10+0+30+60

(ap)°

[ 4

Preb. 15.7

4

Vi =025(V,+30+0-20)=V,/4+25

Vy;=025(V,+20+0+30)=V/4+ 125

Substituting (2) into (1),

Vi, =25+Vy/16 +3.125

—

Vi

1
1" - 2an +(1+ E)Vm-an

20V
—

=6V
o

(mApAg)’

+ ! 3
(mb g)

() Y

m

(1
(2)
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C‘?zV Vm#ln - ZVM" + VM*'”

= 3 . 2
ap’ (Ap)’ @
6‘;2V an*I _ 2an + an-l 3
e @ )
cV Vnmd - Vnm—l 4
dp mn 2Ap . ( )

Substituting (2) to (4) into (1) gives

—>

Vy=V,/4 +12.5 =14

—— Vit = Ve V. -22V"+V. " . ) L
mAp(2Ap) (Ap)? (mAphA ¢)°

» 1 1 1

= &) (1- E)Vm_," -2V 4 (14 Z)Vm_,” + ) () Y
as required.
Prob. 15.6
V- Vi+V,+V, +V, ) —10+0+30+60= 20V

4 4 =

Prob. 15.7 )
Vi =0.25(V2+30+0-20)=Vy/4+25 0)
V,=025(V,+20+0+30)=V/4+ 125 Q)
Substituting (2) into (1),
V| =2.5+V/ /16 +3.125 Vi=6V

L.
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Prob. 15.8
100
th 102x — x107°
k = u = ”_9 = 36
£, L
361
1
vl:Z(V2+3O+O;2O+k):v2/4+11'5 (1)
1
Vo= 2 (Vi+20+0+304Kk)=Vi/d +21.5 )

Substituting (2) into (1) gives

V|=18

<

|

Vi =115+ V/16 +5.375 >

Va=V/4 +125 =26

Prob. 15.9 (a)
1 1
Vi = 2 (0+100+V3+Vy), V,= 7 (0+100+V,+Vy),

1 1
V3=Z(0+0+V1+V4), V4=Z(0+0+V2+V3)

We apply these iteratively n=5 times and obtain the result below.

n |0 1 2 3 4 5
Vi|0 25 34.375 36.72 37.305 37.45
Va1 0 31.25 35.937 37.11 37.403 37.475
V310 6.25 10.937 12.11 12.403 12.475
Vil O 9.375 11.917 12.305 12.45 12.487

(b) By band matrix method,

4V, -Vi -V; =100
-V, +4V) -V, =100
-V + 4V -V =0

-Vz-V} + 4\/3 =0
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Prob. 15.11 (a) Matrix [A] remains the same. To each term of matrix [B], we add
-h'p /€.

(b) Let Ax=Ay=h=0.05 sothat NX=20=NY.

o, x(y-D107°
107736 om0 D

Modify the program in Fig. 15.16 as follows.

DO 40 I=1, NX -1
DO 40 J=1,NY-1

SAVE = V(L))

X = H*FLOAT(I)

Y=H*FLOAT())

RO = 36.0*PIE*X*(Y-1)

V(LJ) = 0.25*(V(I+1,J) + V(I-1,J) + V(LI+1) + V(LIJ-1) + H*H* " D)
40 CONTINUE

This is the major change. However, in addition to this, we must set

V1=0.0
V2=10.0
V3=20.0
V4 =-10.0
NX =20
NY =20

The results are:

<

V.=4276,V,=9.577, V. =11.126, V4 = -2.013, Ve=2919,

V¢=6.069, V, = -3.424, V;, = -0.109, V; = 2.909

Prob. 15.12

1 ¢ /olm‘" + O /—lm‘" - 20 Jm‘" i) /m”'" +O® Jm_l'" -20 /m'n
? (Ar)? ) (Ax)? |
O/ pnet +O7 sy - 207 ,,
(Az)’

[f A= Ax = Az. then after rearranging we obtain
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10

20

30

40

q') /”m,n = 2(D j”m,n - (D j_lm,n + a((D jm,n + (D jm-l.n - Z(D /m,n'j
a((D jm'ntl + (D Im,n—l - Z(D j*lm,n)

where a = (cAt/h)’.
Preb. 15.13 Applying the finite difference formula derived above, the following

programs was developed.

DIMENSION V(0:50,0:50)

U=10

DT =0.1

DX = 0.1

NT = 4/DT

NX =1/DX

ALPHA = (U*DT/DX)**2

DO 10 [=0,NX-1

DO 10 J=0,NT-1

V(L) =0.0

DO 20 J=0,NT-1

V(O,))=0

V(10,5)=0

CONTINUE

DO 30 [=0,NT-1

V(1,0) = SIN(FLOAT(I-1)*3.142/10.0)

V(1,1) = V(1,0

CONTINUE

DO 40 J=1,NT-2

DO 40 I=1,NX-2

V(L,J+1) = ALPHA*( V(I-1,]) + V(I+1,J) ) + 2*(1.0 — ALPHA)* V(L))
1 -V(ELI-1)

CONTINUE

WRITE(6,*) V(LJ)
STOP
END

The results of the finite difference algorithm agree perfectly with the exact solution as

shown below.
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Prob. 15.16 To determine V and E at (-1,4,5), we use the program in Fig. 15.21.

v lj Pl here R= 26+ (43
= , where R= -
o 4re,R Y
- A i P
4re 26+ (y-y, )’
_ ]‘ p.alR
B 4re R’

where R=r-r’=(-1,4-y’,5), R=|R]

E = A& (-Dp,
x = 2 132
4re ' [26+ (4-y,)" ]
£l S (-0,
y = 2 132
dre T [26+ (4-y,)° ]

E, = -5E,

ForN =20, Vo, =1V, L =1m, a= 1mm, the following lines are added to the program in
the Fortran version of Fig. 15.21 after 90 CONTINUE statement. (See second
edition.)

V=00

EX =0.0

EY =0.0

FACTOR = DELTA/(4.0*PIE*EO)

DO 100 K=1,N

R = SQRT(26.0 + (4.0 - YY(K) )**2)

V=V + RO(K)/R

EX = EX — RO(K)/R**3

EY =EY + (4.0 - YY(K))*RO(K)/R**3
100 CONTINUE

V = V*FACTOR

EX = EX*FACTOR

EY= EY*FACTOR

EZ = -5.0*EX

PRINT *. V. EX.EY.EZ

<
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The result is:

V=1247mV, E=-0.3266 a,_+1.1353a, + 1.6331a, mV/m

y
h

Prob. 15.17

~

To find C, take the followiug seps:

(1)Divide each line into N equal seg~ents. Number the segments in the lower conductor
as 1, 2, ..., N and segments in the upper conductor as N+1, N+2, ..., 2N,

(2) Determine the coordinate (xy, yi) for the center of each segment.

For the lower conductor, yx=0,k=1,...,N, x¢=h+ A (k-1/2), k= i,2,... N

For the upper conductor, x,x=[h+ A (k-1/2)] sin 4, k=N+1,N+2, ....2 N,

Xk =[h+ A (k-1/2)] cos @, k=N+1,N+2,... 2N

where h is determined from the gap g as

__ 8
h= 2sind /2

[ 4

(3)Calculate the matrices [V] and [A] with the following elements

. V,k=1,.,N
“T -V k= N+1,.2N

A o

W
4, =4 4xeR, "7
2InA /aii=

where R, = \/(x, - x,)2 +(y, - y,)2

(+4) Invert matrix [A] and find [ p | = [A]" [V].
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(5) Find the charge Q on one conductor ?'

0= pb= Akz_:lpk

(6) Find C ={Q|/V,

Taking N= 10, V, = 1.0, a program was developed to obtain the following result.

9 C (in pF) }*
10 85483 |
70 9.0677 y
30 8.893 |
20 8.606 |
50 13.004 |
%0 85505 ;
70 93711

30 8.7762 ‘!
90 8.665 !
100 8.665 |
110 10.179

120 8.544

130 9.897

130 8.7449

150 95106

160 8.5488

170 132

180 8.6278 |

Prob. 15.18 We may modify the program in Fig. 15.25 and obtain Z,=50Q. For '
details, see M. N. O. Sadiku, “Numerical Techniques in Electromagnetlcs ” (CRC Press,
1992), pp. 338-340. :

Prob. 15.19 (a) Exact solﬁtion yields

C=2re/In(A/a)=802607x10"" F/m and Z, = 41559Q

where a = Icm and A = 2cm. The numerical solution is shown below.

- e
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Prob. 15.22

A=n(1-

1
a, = ‘2—2[0

1
a, = 2—/;[0

R
1l

-15+

R
~
1]

1.25-

R
i

C =

b

N

Hence,

R

C=17.02 pk
Prob. 15.21 From given figure, we obtain
.x‘ !
A i
N4 T 24

1
1 1
=571 Reln a’[(xz)ﬁ = X3Yy)+ (V= )X+ (X - xp)y]
1

as expected. The same applies for «, and a;.

(a) For the element in (a),

0.5x0.25)=0.4375

1
@, = 5 7[0875- 0755~ 05y] = 1~ 08571x - 05714y

+x-05y]= 11428x - 05714y

- 025x + y]= -02857x + 11429y

For the element in (b),
A=%[0.5x1.6-(-1)x1.6]=1.2

125- 0.625y

0667x + 04167y

0.667x + 0.2083y

(b)For the element in (a),

Pl = -0.75, Pz = 1.0, P3 = -0.25, Q| =.0.5= Q;)_ N Q3 =1.0

A[p/P,*Q,Q,]: (Va, Va,)4
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Along side 23, y=-3x/2 +5
20=15x/2-15 +50 +154 —»  x=-5/2 (not possible)

Hence intersection occurs at

(1.5,0.5) along 12 and (0.9286, 0.9286) along 13

(b) At(2,1),
4 6 5
“ Tl BT BTG

V(1.2) = @V, + a,V, + aVy= (400 + 300 + 150)/15 = 56.67 V

Prob. 15.24

a, = 50~ 0)+ (4~ O)x+ (0- Dy = 5 (4x- )
| 1
a, = 6[(0-— 0)+ 0+ Dx+(2-0y]= §(x+ 2y)

ay = %[(8+ D+ (-1-4x+ (1-2)y]= %(9—5x-y)

V,=alV,+a,V,+a,V,

V(1,2) = 8(4-2)/9 + 12(1+4)/9 + 10(9-5-1)/9 =96/9 = 10.667 V
At the center a,= a, = @, =1/3 so that

V(center) =(8 + 12 + 10)/3 =10

Or at the center, (x,y)=(0+1+2,0+4-1)/3=(1,1)

V(1.1)=8(3)/9 +12(3)/9 +10(3)/9 = 10V
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Prob. 15.25
(3,12) (8,12)

(3,12)

(8,0)

(0,0) (8,0)

For element 1, local numbering 1-2-3 corresponds to global numbering 4-2-1.
Py =12,P; =0,Py =-12,Q, =-3, Q; =8,Q; =-5,

A=(0+12x8)2=48
1 .
C, = gl PR+ 00)]

0.7956 -0.1248 -0.6708
C"=(-01248 03328 -0208
-06708 -0208 08788

For element 2, local numbering 1-2-3 corresponds to global numbering 2-4-3.

Pi =-12,P, =0,P3 =12,Q, =0, Q; =-5,Q; =5,

A= (0 +60)/2 =30

C, = aglP P+ 00)]
12 0 -12
C=| 0 0208 -0208

-12 -0208 1408
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3] (n (N
Cy Cs; 0 C,,
v+ (1) () (2) (2) n )
C - Cy Cn 't Gy Cys Cy + Gy
- (2) (2) 2)
O C3l C33 C32

1) it 2) ) ) M
Chy G+ Gy Cy G 7+ Gy

08788 -0.208 0 -0.6708

-0.208 1528 -12 -0.1248
0 -12 1408 -0.206
-0.6708 -0.1248 -0.208 10036

Prob. 15.26

(2,2) (2,2)

0,1 2

1,0
(1) (1,0) (3,0)

For element 1, local numbering 1-2-3 corresponds to global numbering 1-2-4.
Pr=-2,P,=1LP; =-1Q =1, Qu=-2,Q3 =1,

A=P,Q; -P3Q2)2=3/2,ie. 4A=6

C,= 7,1PR+00,]

5 -4 -1
-4 5 -]
-1 -1 2

C(l) -

| =

For element 2. local numbering 1-2-3 corresponds to global numbering 4-2-3.

P| =0.P3 =-2.P} 22.01 :2. Q:=-1.Q3 :-l.
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A=2 4A=8
[4 -2 -2
C*(Z):_ _ _
3 2 5 3
-2 -3 5

The global coefficient matrix is

h N H
¢y Cp 0 Cis
S} n (2) (2) (O] )
C-= CI2 sz + sz CZJ Cz.w t Cz:
- T (2) ) Q)
0 Czs C33 CJI

) M @) ) ) @
Cl3 C23 + CZI CJl C33 + CH

08333  -0.667 0 -0.1667

-0.6667 14583 -0375 -04167
0 -0375 0625 -025
-0.1667 -04167 -025 0833

Prob. 15.27 We can do it by hand as in Example 15.6. However, it is easier to prepare

an input files and use the program in Fig. 15.54. The Matlab input data is

NE =2;
ND = 4;
NP =2;
NL=[1 2 4

2 34] -
X=[00 1.0 3.0 2.0];
Y=[1.0 0.0 0.0 2.0];
NDP=[1 3];
VAL =[10.0 30.0]

[10]
18
The resultis V =130
20

L U

From this.
Vo=18YV, Vi=20V
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O O 0000~ W o

10
10
11

11

13
13

14

14
15
15
16
16
17
17
19
19
20
20
21

21

22
22
23
23
25
25
26
26
27
27
28
28
29
29

X={0.002040608 1.000020406081.00002040608 1.0
0.0 02040608 100002040608 1002040608 1.0]

11
5
12
6
14
8
15
9
16
16
17
11
18
12
20
14
21
15
22
16
23
17
24
18
26
20
27
21
28
22
29
23
30
24
32
26
33
27
34
28
35
29
36
30

10
I
11
12
13
14
14
15
15
16
16
17
17
18
19
20
20
21
21
22
22
23
23
24
25
26
26
27
27
28
28
29
29
30
31
32
32
33
33
34
34
35
35
36].

1
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Node no. FEM Solution Exact Solution
8 3.635 3412

9 5.882 5.521

10 5.882 5.521

11 3.635 3412

14 8.659 8.217

15 14.01 13.30

16 14.01 13.30

17 8.659 8.217

20 16.99 16.37

21 27.49 26.49

22 27.49 26.49

23 16.69 16.37

26 31.81 31.21

27 51.47 50.5

28 51.49 50.<

29 31.81 31.21

Prob. 15.31 v,
1 V
(o] VJ
< >
\Z
h

For element 1, the local numbering 1-2-3 corresponds wiwn rodes with V , V, , and

V.

I &
Vo= - C—Z Ve,

o 1=
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C, = Z C,“ = ————(hh+ hh)x2 +

/
o 2 T (hh+0)x4 4

. 2x1 2
C = 5,7 (AR + Q0= 55 [-hh-0]= -1

2x1 2
Coz = e [Ple + Q|Q2]= E{[-hx0+ hx(—h)]= -1

Similarly, Co3 = -1 = Cos. Thus
Vo=(V,+V2+V3+V4)/4

which is the same result obtained using FDM.






